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This exam together with the hand-in exercises provides the grounds for grading. A total score of 18 is needed for
the grade 3 or G, 28 for 4 and 38 for 5 or VG. For 3 or G one also needs at least 6 points at this exam.

Solutions will be published on the course url, the day efter the exam.

1. (4p) Let f : R — R be increasing. Prove that f is (B(R), B(R))-measurable.

Solution. Pick b € R and let y = sup{z : f(z) < b}. Then either f(y) < b and then
f1(—00,b] = (—o0,y| since f is increasing, or f(y) > b in which case f~!(—o0,b] =
(—o0, b) since f is increasing. Since B(R) is generated by (—oo, b], b € R, the result follows.

2. (4p) Let m be the Lebesgue measure on [0, 1]. Prove or give counterexample to the following
two statements.

(a) If m(A) > 0, then A contains an open interval.
(b) If A is such that m(A€) =0, then A is dense.

Solution.
(a) False: let e.g. A =R\ Q.
(b) True: If A is not dense, then A contains an open interval and has therefore m(A°) > 0.

3. (4p) Let f: (X, M, u) — R be nonnegative and integrable and let ¢ = [ fdu > 0. Show
£

tha
o, O0<ax<l1

li7rln/nlog (1+(f/n)“)d,u: ¢, a=1

0, I<a<ox

Solution. Write g,, for the integrated functions. For the cases where a > 1, we use DCT
with af as dominating function; this is obviously an integrable function (which integrates
to ac), but it is not equally obvious that it in fact dominates the g,’s. However for x such
that f(x) > n,

nlog(l+ (f(x)/n)?) < nlog(l+ f(x)/n))* = anlog(1 + f(z)/n) < af(z)

where the first inequality follows since a > 1 and the last one since log(1 + b) < b for all
nonnegative b. For z with f(z) < n,

nlog(l+ (f(x)/n)?) < nlog(l+ f(z)/n) < f(z) < af(z)

where the first and last inequalities follow since a > 1. For a = 1, we have
limg, = f
n

so the DCT gives limy, [ g, = [ f = ¢. For a > 1, lim,, g, = 0, so the DCT gives lim,, [ g, =
0. For a < 1, g, — 00, so by Fatou’s Lemma, liminf,, [ g, = cc.



4. (4p) A stronger version of the Dominated Convergence Theorem for finite measures. Let
(X, M, ) be a finite measure space and f and fi, fo,... integrable functions. One says
that {f,}°°, is uniformly integrable if f{lfn|>K} | fnldp — 0 as K — oo uniformly in n. Say
that {f,} is dominated if there is an integrable function g such that | f,,| < g for all n. Show
that any dominated sequence of functions is uniformly integrable and find an example that
shows that the converse does not hold. Prove finally that if {f,} is uniformly integrable
and f, — f a.e., then lim,, [ f,dp= [ fdp.

Solution. If {f,} is dominated, then f{lfn|>K} fn < f{gzK}g —0as K —» o0. If f, =
nX0,1/n2), defined on ([0, 1], B[0,1],m), then {f,} is UI but not dominated.
If {f,,} is UI the note first that f must be integrable, since sup,, [ |fn] <1+ Kpu(X) < oo

for K chosen so that f{‘fan} |fn] <1 for all n. Hence [|f| < 1+ Ku(X) by Fatou’s
Lemma.

Now pick K so large that f{lfn|>K} fn < € for all n and f{\f|>K} f < e. By the DCT with
the constant K as dominating function (which works since p is finite), we have

limsup‘/fn—/f‘ge—i—limsup‘ fn—/ f‘:e.
n n {Ifnl<K} {IfI=K}

5. (4p) Let (X, M, p) be a o-finite measure space and let f,, n =1,2,... and f be integrable
Borel functions on X. One says that f,, — f in measure if for each € > 0, lim,, u{x € X :
|fn(x) — f(x)] > €} =0 as n — oc.

(a) Show that f,, — f in measure whenever f,, — f a.e. and p is finite. Show by counterex-
ample that this implication does not extend to o-finite measures.

(b) Show by counterexample that f,, — f in measure does not imply that f, — f a.e.
Show, on the other hand, that if f, — f in measure, then there exists a subsequence
{fn,} such that f,, — f a.e.

Solution. For (a), suppose f, — f a.e. but f,, — f in measure fails. Then for some € > 0,
w{|fn — f| > €} # 0. However since f, — f a.e., p(limsup,{z : |fn(z) — f(z)| > €}) =0,
by continuity of measures (since p is finite), a contradiction. For the counterexample: let
(X, M, 1) = (R, B,m) and let fn = X[n,00)-

For the counterexample in (b), let X = [0,1] and u = m. Let f1 = x(0,1/2), f2 = X(1/2.1);
f3 = X(0,1/4)5 - - Sf6 = X(3/4,1) fr= X(0,1/8)5 - - - For the last assertion, let for £k =1,2,...,
ng be such that n > ng = p{|f, — f| > 1/k} < 27F. Let By = {z: |fn, (x) — f(z)] > 1/k}
and Fj = |J;° Eg. Then p(F1) < 1 so by Borel-Cantelli, p(limsupy, Ej) = 0. Hence for a.e.
x, x € Ey, for only finitely many k. However, for such z, fy, () — f.

6. (4p) Find an example of two measures 1 and v on the same measurable space (X, M) such
that v < p, but no measurable function f such that v(E) = [ fdu, E € M exists.

Solution. Let (X, M) = (R, B) and let v be Lebesgue measure and p counting measure.
Then obviously v < pi. Assume there was a measurable function f such that [, fdu = v(E)
for all E' € B. Now taking E' = {x} gives that we must have f(x) =0 since pu{z} =1 and
v{z} = 0. This holds for all z € R, so f is identically 0, a contradiction.

Lycka till!
Johan Jonasson



