Solutions:

INTEGRATION THEORY (7.5 hp)

(GU[M MA110GU] ,CTH|[T MV'100])

October 22, 2009, morning (5 hours), H

No aids.

Examiner: Christer Borell, telephone number 0705292322
Each problem is worth 3 points.

1. Let n € N and define f,(z) = e*(1 — %)”, x € R. Compute

V2n
lim fu(z)dz.
n—oo [_ /oo

Solution. We have

o =a | o @)de = | mwas

V2n —00

where g, (z) = X[fm’m](x)ex(l - ;—2)”, x € R. Now

22

tlim gn(x) = €72 =45 h(2)
and,as eV > 14y, y €R,
7 22
(1-— 2—)" <e 2z if —V2n<z<+V2n.
n
Hence,
| gn(x) |S h(l’), LS Ra n e N+
where h € L'(m ) and by using the dominated convergence theorem,

lim [, = lim gn(z)dt

—00

0 z2 1 > (z—1)2 1
= / e " 2dr =e2 / e 2z dxr=e2V2T.
—Oo




2. Let (X, M, u) be a positive measure space and f : X — R an (M,R)-
measurable function. Moreover, for each ¢ > 1, let

a(t) = 3 u(tn <| < ).

Show that
lim a(t) :/ | f1dp.
X

t—1+

Solution. Define

n=—oo

and note that the Beppo Levi theorem implies that

/X gyt = alt).

If | f(z) |= 0, then g;(x) = 0. Moreover, if t" <| f(z) |< t"! for some
integer n, then ¢;(x) = t" and| f(x) |> g;(x). Thus

|f|29t

/X|f|d,u2/xgtd,u:a(t).

Next suppose | f(z) |[> 0 and choose n such that " <| f(z) |< t".
Then

and we get

tgi(z) = Z tn+1X{tn§\f|<tn+1}(5p) = ¢t >| f(x) |

n=-—00
and, hence,
tg: > f -

Now, by integration,

ta(t)z/xlf\du-

-1
’ /lelduéa(t)S/XIf\du

Thus



and

lim a(t):/X|f | dp.

t—1+

3. Suppose (X, M, 1) is a finite positive measure space and f € L'(u). Define

= [ 15@ =t 1), te R

Prove that ¢ is absolutely continuous and

o(t) = gla) + / (u(f < 5)— p(f = 5))ds ifa,i€R,

Solution. Suppose € > 0 is given and let |ag, by, k = .,m, be disjoint
open intervals such that X7 | by — ay |< /(1 4+ u(X)). Then

lg(ak)—-g(bk)|=41/; | f(2) —ap | = | fx) = bi | du(z) |

s/ 1 F(0) —ax | — | £(2) = be || du(a)
/ | (F(@) — ax) — (F(x) — ) | dpu(w) = u(X) | b — a |

and, consequently,

Z|gak g(bi) [<e.

This proves that ¢ is absolutely continuous and therefore ¢’ exists a.e. with
respect to Lebesgue measure on R and

t
g(t) = g(a) +/ g'(s)ds for all t € R.

Let A= {t € R; pu(f =t) > 0} and note that A is at most denumerable.
To compute ¢'(s) for fixed s ¢ A, let (h,)° be a sequence of non-zero real
numbers which converges to zero. Then

(S+h /\S+h - )I—!s—f(fli)l

dp(x)



:/ |S+hn_f(xil|_|8_f<x)|dlu(x)
{f#s} n
Here
Lot f)) o= Sl
and
i L2 =S =8 )] 1> 1)

Now the dominated convergence theorem gives

g'(s) = / (X{f<s} - X{f>s})dM = / (X{f<s} - X{f>s})dﬂ
{f#s} X

= ulf <s)—plf >s)=plf <s)—plf =)
In particular,
g'(s) = p(f <s)—ulf =)
a.e. with respect to Lebesgue measure on R and since g is absolutely con-
tinuous we have

mw=mm+/YMfs@—uﬁz@MsﬁmteR

4. Suppose (X, M, 1) is a positive measure space and A, € M, n € N,. Set
E = U A, and I' = ﬂ A,.

neN_L neN_L
(a) Show that
lim p(A,) = p(E)

n—oo

if Ay C Ay C A3C ...

(b) Show that
lim po(An) = u(F)

n—oo

1f,u(A1) < 0o and Al 2142 2143 2.

5. State and prove the monotone convergence theorem.



