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Finally, prove that f is di¤erentiable.
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Finally, it is enough to prove that f(t) is di¤erentiable on the interior of
any given compact subinterval [a; b] of ]0;1[ : To this end, �rst note that

@
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a�t�b

j @
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2 L1(m0;1):

Therefore, by a familiar result (Folland Theorem 2.27 or LN, Example 2.2.1)
f 0(t) exists for all a < t < b and equalsZ 1
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2. Suppose � is a �nite positive Borel measure on Rn: (a) Let (Vi)i2I be a
family of open subsets of Rn and V = [i2IVi. Prove that

�(V ) = sup
i1;:::;ik2I
k2N+

�(Vi1 [ ::: [ Vik):

(b) Let (Fi)i2I be a family of closed subsets of Rn and F = \i2IFi. Prove
that

�(F ) = inf
i1;:::;ik2I
k2N+

�(Fi1 \ ::: \ Fik):

Solution. (a) Since V � Vi1 [ ::: [ Vik for all i1; :::ik 2 I and k 2 N+;

�(V ) � sup
i1;:::;ik2I
k2N+

�(Vi1 [ ::: [ Vik):

To prove the reverse inequality �rst note that

�(A) = sup
K�A

K compact

�(K)
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if A 2 Rn. Now �rst choose " > 0 and then a compact subset K of Rn such
that

�(K) > �(V )� ":
Then there are �nitely many i1; :::; ik 2 I such that Vi1 [ ::: [ Vik � K:
Accordingly from this,

�(Vi1 [ ::: [ Vik) > �(V )� "

and we get
sup

i1;:::;ik2I
k2N+

�(Vi1 [ ::: [ Vik) � �(V ):

Thus
�(V ) = sup

i1;:::;ik2I
k2N+

�(Vi1 [ ::: [ Vik):

b) Since � is a �nite measure, by Part (a)

�(F ) = �(Rn)� �(F c)

= �(Rn)� sup
i1;:::;ik2I
k2N+

�(F ci1 [ ::: [ F
c
ik
)

= inf
i1;:::;ik2I
k2N+

(�(Rn)� �(F ci1 [ ::: [ F
c
ik
))

= inf
i1;:::;ik2I
k2N+

�((F ci1 [ ::: [ F
c
ik
)c)

= inf
i1;:::;ik2I
k2N+

�(Fi1 \ ::: \ Fik):

3. Suppose f and g are real-valued absolutely continuous functions on the
compact interval [a; b]. Show that the function h = max(f; g) is absolutely
continuous and h0 � max(f 0; g0) a.e. [ma;b] (ma;b denotes Lebesgue measure
on [a; b]).

Solution. If (Ai)1�i�2 and (Bi)1�i�2 are sequences of real numbers

Ai � Bi+ j Ai �Bi j
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� Bi + max
1�i�2

j Ai �Bi j� max
1�i�2

Bi + max
1�i�2

j Ai �Bi j

and, hence,
max
1�i�2

Ai � max
1�i�2

j Ai �Bi j + max
1�i�2

Bi

and
max
1�i�2

Ai � max
1�i�2

Bi � max
1�i�2

j Ai �Bi j :

Thus, by interchanging Ai and Bi;

j max
1�i�2

Ai � max
1�i�2

Bi j� max
1�i�2

j Ai �Bi j :

Next choose " > 0: Then there exists a � > 0 such that

�nk=1 j f(ak)� f(bk) j< "=2

and
�nk=1 j g(ak)� g(bk) j< "=2

if n 2 N+ and ]ai; bi[ ; i = 1; :::; n; are mutually disjoint subintervals of [a; b] :
Thus, for such intervals

�nk=1 j h(ak)� h(bk) j

� �nk=1max(j f(ak)� f(bk) j; j g(ak)� g(bk) j)

� �nk=1(j f(ak)� f(bk) j + j g(ak)� g(bk) j) < "

and it follows that h is absolutely continuous.
As above it follows that

max
1�i�2

Ai � max
1�i�2

Bi � max
1�i�2

(Ai �Bi):

Therefore, for each x 2 ]a; b[ and ! 2 ]0; b� x[ ;

h(x+ !)� h(x) � max(f(x+ !)� f(x); g(x+ !)� g(x))

and

h(x+ !)� h(x)
!

� max(f(x+ !)� f(x)
!

;
g(x+ !)� g(x)

!
):
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Since f; g; and h are absolutely continuous, by letting ! # 0; we get h0(x) �
max(f 0(x); g0(x)) for ma;b-almost all x 2 [a; b] :

4. Suppose (X;M; �) is a positive measure space. (a) If fn ! f in measure
and fn ! g in measure, show that f = g a.e. [�] : (b) If fn ! f in L1; show
that fn ! f in measure.

5. (Lebesgue�s Dominated Convergence Theorem) Suppose (X;M; �) is a
positive measure space and fn : X ! R; n 2 N+; measurable functions such
that

j fn(x) j� g(x); all x 2 X and n 2 N+

where g 2 L1(�):Moreover, suppose the limit limn!1 fn(x) exists and equals
f(x) for every x 2 X:
Prove that f 2 L1(�),

lim
n!1

Z
X

j fn � f j d� = 0

and

lim
n!1

Z
X

fnd� =

Z
X

fd�:


