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1. Suppose

—x2

< xe
Compute
tlirori f(t) and/O f(t)dt.

Finally, prove that f is differentiable.
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Solution. Suppose t,, | 0. Then for each x > 0, % 1 %e“’”Q and the LMC
implies that "

2
[o¢] —X o 1
/ :Ze dx | / Ze ' dr = 00
o xr2+12 0

since ™% > 3Xjo.q(z) if >0 and

1
1

/ —dx = 0.
0 T

tl_{%}r f(t) = oc.

Hence

Furthermore, the Tonelli Theorem yields

/Ooof(t)dt:/()oo{/ooo;e—r;dt}dx



Finally, it is enough to prove that f(¢) is differentiable on the interior of
any given compact subinterval [a, b] of ]0, co[. To this end, first note that

0 we otre

x4 (a2 122

and , ,
| 0 ze ® < 2bxe%
su —
P = (22 + a2)?

a<t<p Ot 2%+ 12
Therefore, by a familiar result (Folland Theorem 2.27 or LN, Example 2.2.1)
f'(t) exists for all @ < t < b and equals

€ Ll (m(),oo) .
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2. Suppose 4 is a finite positive Borel measure on R". (a) Let (V;);c;r be a
family of open subsets of R™ and V' = U;¢;V;. Prove that

u(V) = -~ sup u(Vi, U UV, ).

keN4

(b) Let (F});er be a family of closed subsets of R™ and F' = N;c/F;. Prove
that

p(F) = inf p(F, 0.0 E,).

keNy

Solution. (a) Since V' 2 V;, U...UV,, for all 4y,...ix € [ and k € N,

pw(V)y> sup p(Vi, U...UV,).

To prove the reverse inequality first note that

p(A) = sup u(K)
KCA
K compact



if A€ R,. Now first choose € > 0 and then a compact subset K of R" such
that

u(K) > p(V) —e.
Then there are finitely many 44,...,4, € I such that V;, U.. UV, D K.
Accordingly from this,

p(Viy U UV ) > (V) —e

and we get
sup p(Vi, U..UV;,) = (V)
01 yeeyt €1
keN_
Thus
p(V)y= sup p(V,,U...UV,)
01,0 €1
keNy

b) Since p is a finite measure, by Part (a)

p(F) = p(R") — p(F°)

11,0 €1

— inf p((FL U UEL))
11,...,0, €1
keN_L

keN4

3. Suppose f and g are real-valued absolutely continuous functions on the
compact interval [a,b]. Show that the function h = max(f,g) is absolutely
continuous and A’ < max(f’,¢’) a.e. [map] (Mg denotes Lebesgue measure
on [a,b]).

Solution. If (A;)1<i<2 and (B;)1<i<2 are sequences of real numbers

A < Bi+ | A; — By |



< B;+ max | A, — B]<maXB—|—maX]A B; |

1<i<2 1<i<2 1<i<
and, hence,
max A; < max | A; — B]—}—maxB
1<i<2 1<i<2
and

max A; — max B; < max | 4, — B; | .
1<3<2 1<i<2 1<i<2

Thus, by interchanging A; and B;,

|maXA—maxB|<max|A B;|.
1<i<2 1<i<2

Next choose € > 0. Then there exists a § > 0 such that

Vi | flaw) = f(be) [< e/2

and
Y1 | glar) —g(by) [< /2

if n € N4 and |a;, b;[, ¢ = 1, ..., n, are mutually disjoint subintervals of [a, b] .
Thus, for such intervals

Y=t | h(ar) — h(by) |

< Spoymax(] f(ar) — f() |,] glar) — g(bx) |)
< Bpoi(] flaw) = f(be) | + | g(ax) —g(bi) |) <€

and it follows that h is absolutely continuous.
As above it follows that

max A; — max B; < max(A; — B;).
1<i<2 1<i<2 1<i<2

Therefore, for each x € |a,b[ and w € ]0,b — z[,
Ma +w) — h(z) < max(f(z +w) = f(2), g(z +w) — g(x))

and

hatw) —h(r) | Stw) = () gl +w) o),

W W W



Since f, g, and h are absolutely continuous, by letting w | 0, we get h'(x) <
max(f'(z), ¢'(z)) for m, p-almost all = € [a, b] .

4. Suppose (X, M, u) is a positive measure space. (a) If f,, — f in measure
and f, — g in measure, show that f = g a.e. [u]. (b) If f,, — f in L', show
that f, — f in measure.

5. (Lebesgue’s Dominated Convergence Theorem) Suppose (X, M, ) is a
positive measure space and f,, : X — R, n € N, measurable functions such
that

| fu(z) < g(x), all z € X and n € Ny

where g € £ (11). Moreover, suppose the limit lim,, ., f,,(7) exists and equals
f(x) for every x € X.
Prove that f € £'(u),

lim [ | fu—f]du=0

n—oo b'e

and
lim fnd,u:/ fdu.



