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1. Suppose (X, M, u) is a positive measure space and (Y, N) a measurable
space. Furthermore, suppose f : X — Y is (M, N)-measurable and let
v =pf ! that is v(B) = pu(f'(B)) if B € N. Show that f is (M~ ,N")-
measurable, where M~ denotes the completion of M with respect to p and
N~ the completion of N with respect to v.

Solution: Suppose B € N~. We will prove that f~'(B) € M~. To this
end, choose By, B; € N such that By C B C By and v(B; \ By) = 0. Then
fYBy), fY(B)) € Mand f1(By) C fY(B) C f'(By). Furthermore,
f B\ f1(Bo) = f1(B1\ By) and we get

p(f~1(B)\ f71(Bo)) = v(Bi \ By) = 0.

Thus f~'(B) € M~ and we are done.

2. Compute the following limit and justify the calculations:

o
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Solution. We have
(1 + E)nzpfna: Pn2]n(]+%)fnm

lim (1 4+ E)” e =e"
n—00 n



To find a majorant, let x > 0 be fixed and introduce the function
5 x
f(n) =n"In(l+ =) — nx
n

defined for all real n > 1. We claim that

f'(n) =2nlIn(1 +
n

To see this put
g(t)=2(1+t)In(1+1t) — (2t +¢*) for t > 0
and note that f'(n) <0 if and only if g(£) < 0. But g(0) = 0 and
g(t)=2(In(1+1¢) — 1) <0
and it follows that g < 0. Thus f'(n) < 0 and, hence, f(n) < f(1). Now

(14 2y < (14 a)e ™ € L(maz)

where my o, is Lebesgue measure on [0,00] and the Lebesgue Dominated
Convergence Theorem implies that
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3. Suppose a > 0 and

o n

Ha = e’ Z %(sn

n=0

where §,, is the Dirac measure on N ={0,1,2,...} at the point n € N, that
is 0,(A) = xa(n) if n € N and A C N. Prove that

(Ha X 16)S " = Hass

for all a,b > 0if s(x,y) =z +y, z,y € N.



Solution. If x and v are finite positive measures on N, we define pxv =
(ux v)s~'. Now, given a,b > 0 and A € P(N), the Tonelli Theorem implies

that
(tta % 1) (A) = (pta X i) ({(z,9) € N* z+y € A})
= [ halla €N: ay € A diaty

and by applying the Lebesgue Monotone Convergence Theorem we have,

(e r ) (A) = Y e [t €N 2 v e Aty

In a similar way,

(6 i) (A) = 3 %(6 £ 6;)(4).

=0
Since §; * d; = d;4,, we get
> iy @07
(1o * ) (A) = Z e +b)i!—j!6i+j(’4)
i,5=0 '

4. Suppose f :]a,b[ x X — R is a function such that f(¢,-) € L'(u) for each

t € |a, b[ and, moreover, assume % exists and

O (1,2) 1< g(a) for all (1, 7) € Ja. b x X

where g € L' (p). Set
F(t) = / f(t,x)du(z) if t € |a,b|.
Jx
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Prove that I is differentiable and

9]
F'(t) = /X a—:(f,a")d,u(a“) if t € ]a,bl.

5. Suppose 6 is an outer measure on X and let M(f) be the set of all A C X
such that
O(F)=0(ENA)+6(ENA° for all E C X.

Prove that M() is a o-algebra and that the restriction of 6 to M(0) is a
complete measure.



