
L�OSNINGARINTEGRATIONSTEORI (5p)(GU[MAF440℄ ;CTH[TMV 100℄)Dag, tid: 10 september 2005 fmHj�alpmedel: Inga.Skrivtid: 4 timmar1. Suppose (X;M; �) is a positive measure spa
e and (Y;N ) a measurablespa
e. Furthermore, suppose f : X ! Y is (M;N )-measurable and let� = �f�1; that is �(B) = �(f�1(B)) if B 2 N : Show that f is (M�;N�)-measurable, where M� denotes the 
ompletion of M with respe
t to � andN� the 
ompletion of N with respe
t to �:Solution: Suppose B 2 N�. We will prove that f�1(B) 2 M�: To thisend, 
hoose B0; B1 2 N su
h that B0 � B � B1 and �(B1 n B0) = 0: Thenf�1(B0); f�1(B1) 2 M and f�1(B0) � f�1(B) � f�1(B1): Furthermore,f�1(B1) n f�1(B0) = f�1(B1 nB0) and we get�(f�1(B1) n f�1(B0)) = �(B1 nB0) = 0:Thus f�1(B) 2 M� and we are done.2. Compute the following limit and justify the 
al
ulations:limn!1Z 10 (1 + xn)n2e�nxdx:Solution. We have (1 + xn)n2e�nx = en2 ln(1+ xn )�nx= en2( xn� x22n2+( xn )3B( xn ))�nxwhere B is bounded in a neighbourhood of the origin. A

ordingly from this,limn!1(1 + xn)n2e�nx = e�x22 :1



To �nd a majorant, let x � 0 be �xed and introdu
e the fun
tionf(n) = n2 ln(1 + xn)� nxde�ned for all real n � 1: We 
laim thatf 0(n) = 2n ln(1 + xn)� 2x+ x2n1 + xn � 0:To see this put g(t) = 2(1 + t) ln(1 + t)� (2t+ t2) for t � 0and note that f 0(n) � 0 if and only if g( xn) � 0: But g(0) = 0 andg0(t) = 2(ln(1 + t)� t) � 0and it follows that g � 0: Thus f 0(n) � 0 and, hen
e, f(n) � f(1). Now(1 + xn)n2e�nx � (1 + x)e�x 2 L1(m0;1)where m0;1 is Lebesgue measure on [0;1[ and the Lebesgue DominatedConvergen
e Theorem implies thatlimn!1Z 10 (1 + xn)n2e�nxdx = Z 10 e�x22 dx =r�2 :3. Suppose a > 0 and �a = e�a 1Xn=0 ann! Ænwhere Æn is the Dira
 measure on N = f0; 1; 2; :::g at the point n 2 N; thatis Æn(A) = �A(n) if n 2 N and A � N: Prove that(�a � �b)s�1 = �a+bfor all a; b > 0 if s(x; y) = x + y; x; y 2 N:2



Solution. If � and � are �nite positive measures on N; we de�ne � � � =(�� �)s�1: Now, given a; b > 0 and A 2 P(N), the Tonelli Theorem impliesthat (�a � �b)(A) = (�a � �b)(�(x; y) 2 N2; x+ y 2 A	)= ZN �a(fx 2 N; x+ y 2 Ag)d�b(y)and by applying the Lebesgue Monotone Convergen
e Theorem we have,(�a � �b)(A) = 1Xi=0 e�aaii! ZN Æi(fx 2 N; x + y 2 Ag)d�b(y)= 1Xi=0 e�aaii! (Æi � �b)(A):In a similar way, (Æi � �b)(A) = 1Xj=0 e�b bjj! (Æi � Æj)(A):Sin
e Æi � Æj = Æi+j; we get(�a � �b)(A) = 1Xi;j=0 e�(a+b)aibji!j! Æi+j(A)= 1Xn=0(e�(a+b)Æn(A) Xi+j=ni:j�0 aibji!j! ) = 1Xn=0 e�(a+b) (a + b)nn! Æn(A) = �a+b(A):4. Suppose f : ℄a; b[�X ! R is a fun
tion su
h that f(t; �) 2 L1(�) for ea
ht 2 ℄a; b[ and, moreover, assume �f�t exists andj �f�t (t; x) j� g(x) for all (t; x) 2 ℄a; b[�Xwhere g 2 L1(�). SetF (t) = ZX f(t; x)d�(x) if t 2 ℄a; b[ :3



Prove that F is di�erentiable andF 0(t) = ZX �f�t (t; x)d�(x) if t 2 ℄a; b[ :5. Suppose � is an outer measure on X and letM(�) be the set of all A � Xsu
h that �(E) = �(E \ A) + �(E \ A
) for all E � X:Prove that M(�) is a �-algebra and that the restri
tion of � to M(�) is a
omplete measure.
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