
L�OSNINGARINTEGRATIONSTEORI (5p)(GU[MAF440℄ ;CTH[TMV 100℄)Dag, tid: 19 februari 2005 fmHj�alpmedel: Inga.Notation: Lebesgue measure on R is denoted by m1. Evaluate limn!1Z n0 (1� xn)n1 + nxn+ x 
os xdx:Solution. Set fn(x) = �[0;n℄(x)(1� xn)n1 + nxn+ x 
os x; x � 0where n 2 N+: Thenj fn(x) j� �[0;n℄(x)(1� xn)n1 + nxn + x � �[0;n℄(x)(1� xn)n(1 + x)and sin
e et � 1 + t for all real t; we getj fn(x) j� e�x(1 + x) 2 L1(m0;1)where m0;1 denotes Lebesgue measure on [0;1[ : Moreover,fn(x)! e�xx 
os x as n!1and the Lebesgue Dominated Convergen
e Theorem giveslimn!1Z n0 (1� xn)n1 + nxn + x 
os xdx = Z 10 e�xx 
os xdx:To evaluate this integral we �rst use partial integration to obtainZ 10 e�tx 
os xdx = t1 + t2 ; t > 0:1



Here for every t � 12 ;j ��te�tx 
os x j=j �xe�tx 
os x j� xe� 12x 2 L1(m0;1)and the theorem about inter
hanging a derivative and an integral yieldsZ 10 ��te�tx 
os xdx = ��t t1 + t2 ; t � 12 :In parti
ular, Z 10 xe�x 
os xdx = � t2 � 1(t2 + 1)2�jt=1 = 0and we get limn!1Z n0 (1� xn)n1 + nxn+ x 
os xdx = 0:2. Suppose � is a �nite positive Borel measure on Rn and f : Rn ! R aBorel measurable fun
tion. Set g(x; y) = f(x)� f(y); x; y 2 Rn. Prove thatf 2 L1(�) if and only if g 2 L1(�� �):Solution. The fun
tion g is a Borel fun
tion. Moreover,ZRn�Rn j g j d(�� �) = ZRn�Rn j f(x)� f(y) j d�(x)d�(y)� ZRn�Rn(j f(x) j + j f(y) j)d�(x)d�(y)� ZRn�Rn j f(x) j d�(x)d�(y) + ZRn�Rn j f(y) j d�(x)d�(y)and the Tonelli Theorem givesZRn�Rn j g j d(�� �) � 2�(Rn) ZRn j f j d�:Thus g 2 L1(�� �) if f 2 L1(�): 2



Tonelli's Theorem also shows thatZRn�Rn j g j d(�� �) = ZRn(ZRn j f(x)� f(y) j d�(x))d�(y):Therefore, if g 2 L1(�� �); thenZRn j f(x)� f(y) j d�(x) <1for �-almost all y 2 Rn: In parti
ular,ZRn j f(x)� f(y0) j d�(x) <1for an appropriate y0 2 Rn: NowZRn j f(x) j d�(x) � ZRn(j f(x)� f(y0) j + j f(y0) j)d�(x)� ZRn j f(x)� f(y0) j d�(x)+ j f(y0) j �(Rn) <1and we 
on
lude that f 2 L1(�):3. a) Suppose f :R! [0;1[ is Lebesgue measurable and RR fdm <1: Provethat lim�!1�m(f � �) = 0:b) Find a Lebesgue measurable fun
tion f :R! [0;1[ su
h that f =2 L1(m);m(f > 0) <1; and lim�!1�m(f � �) = 0:Solution. a) Suppose � > 0: Then f�ff��g � ��ff��g and integration yieldsZR f�ff��gdm � �m(f � �):If (�n)1n=1 is an arbitrary in
reasing sequen
e su
h that �n !1 as n!1;f�ff��ng � f 2 L1(m); n 2 N+3



and f�ff��ng ! 0as n!1: Therefore by using the Lebesgue Dominated Convergen
e Theo-rem it follows that limn!1ZR f�ff��ngdm = 0and we get limn!1�nm(f � �n) = 0:A

ordingly from this, lim�!1�m(f � �) = 0and we are done.b) Set x = g(y) = 1y ln y , y � 2. De�ne f(x) = g�1(x); 0 < x � 12 ln 2 ; andf(x) = 0; x =2 �0; 12 ln 2� : ThenZR fdm = Z0�y�f(x) dxdy = Z 10 m(f � y)dy= Z 20 m(f � y)dy + Z 12 m(f � y)dy= 1ln 2 + Z 12 dyy ln y = 1ln 2 + [ln ln y℄12 =1:Thus f =2 L1(m) and limy!1 ym(f � y) = limy!1 1ln y = 0:4. Let � be a 
omplex measure and � a positive measure on the �-algebraM su
h that � << �: Prove that for every " > 0 there exists a Æ > 0 su
hthat j �(E) j< " whenever E 2 M and �(E) < Æ:5. Formulate and prove the Lebesgue Monotone Convergen
e Theorem.
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