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Notation: Lebesgue measure on R is denoted by m

1. Evaluate

n—oo J n n+x

Solution. Set
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fu(@) = X (@) (1 =

cosx, r >0

where n € N,. Then
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and since e! > 1+t for all real ¢, we get
[ ful@) 1< (1 +2) € L (mo,00)
where myg o, denotes Lebesgue measure on [0, co[. Moreover,
fu(z) = e Frcosx as n — oo

and the Lebesgue Dominated Convergence Theorem gives
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To evaluate this integral we first use partial integration to obtain
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/ e "eoswdr = ——, t > 0.
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Here for every ¢ > %,

t [2

| —e” Teosx |< ve 1" € LY (Mo o0)
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and the theorem about interchanging a derivative and an integral yields

/OO 0 to cos xd 0 _1 t> L
—e rdr = ——— —.
Jo Ot ot1+t2"  — 2
In particular,
. t?—1
e Ceosxdr = | oy =0
and we get
, " ., 1+ne
lim (1-— I)” "7 cos xdx = 0,
n—oo n n+x

2. Suppose g is a finite positive Borel measure on R” and f: R" — R a
Borel measurable function. Set g(x,y) = f(x) — f(y), x,y € R™. Prove that
f e LY(u) if and only if g € L*(p x p).

Solution. The function ¢ is a Borel function. Moreover,

/Rn o g d(pxp) = / | f(z) = f(y) | du(x)du(y)
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and the Tonelli Theorem gives

/ |9d(MXM)<2u(R”)/ | f | dp.
JR* xR JR™

Thus g € L'(u x p) if f € L' (p).



Tonelli’s Theorem also shows that

/Rn - g [ d(p > p) :/n(/n | f(x) = f(y) | du(z))du(y).

Therefore, if g € L' (1 x ), then

/?'f(ﬂf)f(y)du(mkOO

for p-almost all y € R”. In particular,

| 15w~ ) | dute) < 0

for an appropriate y, € R". Now

| 1#@ L) < [ @)= 1n) |+ | 1) (o)

< [ 15~ ) | dulo)+ | ) | u(R) < oc

and we conclude that f € L'(p).

3. a) Suppose f:R — [0, ool is Lebesgue measurable and [, fdm < oc. Prove
that
lim am(f > a) = 0.

a— 00

b) Find a Lebesgue measurable function f:R— [0, oc[ such that f ¢ L'(m),
m(f > 0) < oo, and
lim am(f > a) = 0.

a— 00
Solution. a) Suppose a > 0. Then fx{f>a} > @X{s>a} and integration yields

/RfX{f>a}dm > am(f > a).

If ()3

°° , is an arbitrary increasing sequence such that a,, — oo as n — oo,

fXrrany < f€L(m), n e Ny
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and
IX{>any = 0

as n — oo. Therefore by using the Lebesgue Dominated Convergence Theo-
rem it follows that

i [ Fx(pondm =0
[ i

n— 00

and we get

lim a,m(f > a,) =0.
n—oQ

Accordingly from this,
lim am(f > a)=0

a— 00

and we are done.

b) Set z = g(y) = yl]—ny ,y > 2. Define f(z) =g (), 0<z < QI]W, and

f(x)=0,2¢]0,555] . Then

/ Fdm = / ddy — / m(f > y)dy
R 0<y<f(x) 0

_ /:m(f > y)dy+/200 m(f > y)dy

1 * dy 1
= — = — +[Inlnyl;° = cc.
ln2+,/2 ylny 1n2+[nny]2 >
Thus f ¢ L'(m) and
. ) 1
lim ym(f > y) = lim — = 0.
y—o0 y—oo Iny

4. Let A be a complex measure and g a positive measure on the o-algebra
M such that A << p. Prove that for every € > 0 there exists a ¢ > 0 such
that | A(F) |[< e whenever E € M and p(FE) < 0.

5. Formulate and prove the Lebesgue Monotone Convergence Theorem.



