
L�OSNINGARINTEGRATIONSTEORI (5p)(GU[MAF440℄ ;CTH[TMV 100℄)Dag, tid: 8 oktober 2004 fmHj�alpmedel: Inga.1. Suppose fn(x) = n j x j e�nx22 ; x 2 R; n 2 N+:Show that there is no g 2 L1(m) suh that fn � g for all n 2 N+:Solution. We have limn!1 fn(x) = 0 all x 2 Rand Z 1�1 fn(x)dx = �pnx = y� = Z 1�1 j y j e� y22 dy = 2 all n 2 N+:The Lebesgue Dominated Convergene Theorem now implies that there isno g 2 L1(m) suh that j fn j� g for all n 2 N+: Sine fn =j fn j we aredone.2. Set f(x) = limT!1Z T0 sin tx + tdt; x � 0and g(x) = f(x)px ; x � 0:Prove that g is Lebesgue integrable on [0;1[ :Solution. Let x � 0: By partial integrationZ T�2 sin tx + tdt = � osTx + T � Z T�2 os t(x+ t)2dt1



and we get f(x) = Z �20 sin tx + tdt� Z 1�2 os t(x+ t)2dt:Note that f is a Borel funtion by the Tonelli Theorem.Now j f(x) j� Z �20 j sin t jt dt+ Z 1�2 1(x + t)2dtand sine j sin t j� t for t � 0; we getj f(x) j� �2 + 1x+ �2 � �2 + 2� :Hene Z 10 j f(x) jpx dx <1:Furthermore, j f(x) j� Z �20 1xdt+ Z 1�2 1(x+ t)2dt= �2x + 1x+ �2 � (�2 + 1)1xand it follows that Z 11 j f(x) jpx dx <1:Summing up we onlude that g is Lebesgue integrable on [0;1[ :3. a) Let M be an algebra of subsets of X and N an algebra of subsets ofY: Furthermore, let S be the set of all �nite unions of sets of the type A�B;where A 2 M and B 2 N . Prove that S is an algebra of subsets of X � Y:b) AssumeM is a �-algebra of subsets of X and N a �-algebra of subsetsof Y and let (X � Y;M
N ; �) be a �nite positive measure spae. Provethat to eah E 2 M
N and " > 0 there exists F 2 S suh that�(E�F ) < ":2



Solution. a) The main point in the proof is to show that S is losed under�nite intersetions. To see this letE = [Mk=1(Ak �Bk)and F = [Nk=1(Ck �Dk)where A1; :::; AM ; C1; :::; CN 2 M and B1; :::; BM ; D1; :::; DN 2 N : It isenough to prove that E \ F 2 S. ButE \ F = [1�i�M1�j�N ((Ai \ Cj)� (Bi \Dj))and we are done.To prove that S is an algebra �rst note that � 2 S and that S is losedunder �nite unions. If E is as above it remains to prove that the omplementE belongs to S. But E = \Mk=1(Ak �Bk)= \Mk=1((Ak � Y ) [ (X �Bk))and it follows E 2 S.b) Let � be the lass of allE 2 M
N for whih the property in b) holds.Clearly, � 2 �. Now let E 2 �: If F 2 S, then F  2 S and E�F = E�F :Hene E 2 �:Finally, let Ei 2 �; i 2 N+: We shall prove that E = [1i=1Ei 2 �: To thisend let " > 0 be arbitrary and hoose Fi 2 S suh that�(Ei�Fi) < 2�i"for all i 2 N+: Sine E�([1i=1Fi) � [1i=1Ei�Fi;�(E�([1i=1Fi) � �1i=1�(Ei�Fi) < ":Now E�([1i=1Fi) = (\1i=1(E \ F i )) [ (E \ ([1i=1Fi))and sine � is a �nite positive measure it follows that�((\ni=1(E \ F i )) [ (E \ ([1i=1Fi))) < "3



if n is suÆiently large. Hene�(E�([ni=1Fi)) � �((\ni=1(E \ F i )) [ (E \ ([ni=1Fi))) < "if n is large, whih proves that [1i=1Ei 2 �: Thus � is a �-algebra ontainedin M
N and sine � ontains all measurable retangles � =M
N .4. Formulate and prove the Fatous Lemma.5. Let C be a olletion of open balls and set V = [B2CB: Prove that to eah < mn(V ) there exist pairwise disjoint B1; :::; Bk 2 C suh that�ki=1mn(Bi) > 3�n:
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