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1. Suppose

x

falx)=n|z|e >, 2€R, neN,.
Show that there is no g € L'(m) such that f, < g for all n € N,.

Solution. We have
lim f,(z)=0allz € R

n— 00

a

nd
/ fo(z)de = [\/ET:y] —/ \y|e*y7dy =2alln € N,.

o

The Lebesgue Dominated Convergence Theorem now implies that there is
no g € L'(m) such that | f, |< ¢ for all n € N,. Since f, =| f, | we are
done.

2. Set -
int
f(z) = lim o dt, x>0
T—=oo [o T+ 1T
and
o) =L >0

Prove that g is Lebesgue integrable on [0, oof.

Solution. Let x > 0. By partial integration

T gint cosT T cost
dt = ——— — —dt
Jz m+t r+T =z (x +1)?




and we get

7 sint ®  cost
f(m)—/ P dt/ ERLLLE
Jo T+t = (x +1)?

Note that f is a Borel function by the Tonelli Theorem.

Now B ‘ |
2 | sint o 1
< dt dt
swls [T [ o

and since | sint [< t for t > 0, we get

s 1
) < = < =4+ —.
RACN 2+m+§ - 2+7r
Hence .
JECInes
o VT
Furthermore,

and it follows that

/]Oo%dx<oo

Summing up we conclude that ¢ is Lebesgue integrable on [0, oc].

3. a) Let M be an algebra of subsets of X and N an algebra of subsets of
Y. Furthermore, let S be the set of all finite unions of sets of the type A x B,
where A € M and B € N. Prove that S is an algebra of subsets of X x Y.

b) Assume M is a o-algebra of subsets of X and N a o-algebra of subsets
of Y and let (X x Y, M ® N, u) be a finite positive measure space. Prove
that to each E € M ® N and € > 0 there exists F' € S such that

u(EAF) < e.



Solution. a) The main point in the proof is to show that S is closed under
finite intersections. To see this let

and

F = Uévzl(Ck X Dk)
where Al;---;AM; Cl;---;CN e M and Bl;---;BM; Dl;---;DN € N It is
enough to prove that £ N F € S. But

ENF = UISiSM((Ai N C]) X (B, N D]))
1<j<N

and we are done.

To prove that S is an algebra first note that ¢ € S and that S is closed
under finite unions. If I is as above it remains to prove that the complement
E* belongs to S. But

Ec = ﬁ]]c\/[:](Ak X Bk)c

= Mt (AR x Y) U (X x Bp))

and it follows E¢ € S.

b) Let X be the class of all E € M ® N for which the property in b) holds.
Clearly, ¢ € . Now let £ € X. If F' € S, then F¢ € Sand FAF = E‘AF*°.
Hence E° € X.

Finally, let E; € X, ¢ € N. We shall prove that £ = U2, E; € X. To this
end let £ > 0 be arbitrary and choose F; € S such that

w(E;AF) <27
for all » € N. Since
EA(UEF) C UE EAFR,

H(EA(UE F) < 52 u(EAF;) <e.

Now
EA(UEF) = (M2 (ENE)) U (BN (UEF))

and since p is a finite positive measure it follows that
p(Ni (BN F)) U (BN (UE F))) <e
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if n is sufficiently large. Hence
PEAUL F)) < p((0iz (BN E)) U (E°N (UL F))) < e

if n is large, which proves that U, E; € X. Thus X is a o-algebra contained
in M ® N and since ¥ contains all measurable rectangles ¥ = M @ N.

4. Formulate and prove the Fatous Lemma.

5. Let C be a collection of open balls and set V' = Ugc¢ B. Prove that to each
¢ < my (V) there exist pairwise disjoint By, ..., By € C such that

¥ m,(B;) >3 "¢



