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Inga hjälpmedel, förutom penna och linjal, är till̊atna, ej heller räknedosa.
Telefonvakt: Peter Kumlin, 0739-603800

OBS: Ange linje samt personnummer och namn p̊a omslaget.
Ange kod p̊a varje inlämnat blad.
Motivera dina svar väl. Det är i huvudsak beräkningarna och
motiveringarna som ger poäng, inte svaret. Skriv tydligt.
För godkänt krävs minst 10 poäng sammanlagt.

1. Prove the existence and uniqueness of solution to the following boundary value problem:
{

−((1 + x)u′(x))′ = arctan u(x), 0 ≤ x ≤ 1
u(0) = 1, u(1) = 0, u ∈ C2([0, 1])

(4p)

2. Let (E, ‖ · ‖) be a Banach space and T ∈ B(E,E) with the property Σ∞

n=1‖T
n(x)‖ < ∞

for all x ∈ E. Let x0, y ∈ E and set xn+1 = y + T (xn), n = 0, 1, 2, . . .. Show that

(a) (xn)∞n=1 is a Cauchy sequence in E, and that

(b) there is a unique x ∈ E such that x = y + T (x).

Moreover show that if ‖T‖ < 1 then the equation x = y + T (x) has a unique solution
x ∈ E for every y ∈ E.

(4p)

3. Let (fn)∞n=1 be a sequence in C([0, 1]) such that |fn(x)| ≤ 1 for all n. Show that there
exists a g ∈ C([0, 1]) and a subsequence (fnk

)∞k=1 of (fn)∞n=1 such that

lim
k→∞

sup
x∈[0,1]

|

∫ 1

0
esin(x2+y)fnk

(y) dy − g(x)| = 0.

(4p)

P.T.O



4. State and prove the Hilbert-Schmidt theorem. Propositions that are used in the proof
should be properly stated but need not be proven.

(5p)

5. State and prove the Riesz lemma. Show that the closed unit ball {x ∈ E : ‖x‖ ≤ 1} in
the normed space (E, ‖ · ‖) is not compact if E is infinite-dimensional.

(4p)

6. Let (H, 〈·, ·〉) be a Hilbert space and T : H → H a linear mapping with the property

〈T (x), y〉 = 〈x, T (y)〉 for all x, y ∈ H.

Show that T is a bounded linear mapping on H.

(4p)

Information om när tentan är färdigrättad och tid för visning av tentan hos föreläsaren
kommer att lämnas p̊a kurshemsidan. När resultaten är registrerade i Ladok kommer ett
e-brev.
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