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Matematik, CTH & GU

Tentamen i Funktionalanalys TMA401/MANG670
Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon:Magnus G 0762-721860

Larare besoker skrivsalen ca 9.30 och 11.30.

Datum: 2007-09-01
Skrivtid: fm (5 timmar)
Lokal: V

1. Set fi(z) =1, fo(x) = z and f3(x) = 2%, Find an ON-sequence (g,)3_, such
that
Span{ f,: n=1,2,3} = Span{g, : n=1,2,3}

in the Hilbert space of realvalued funtions on [0.1] with the inner product

<h1,h2> :/0 hl(l')hg(l’)l'dl’

(4p)
2. Show that the boundary value problem
{ u'(z) +u'(z) + sinu(z) =cosz, 0<az<1
u(0) =0,u(1) =0
has a unique solution u € C?.
(4p)

3. Let X be a Banach space and let T': X — X be a mapping with the following
property: There exist real numbers o > 1 and C' > 0 such that

I7(z) =Tyl < Cllz = yll*

for all z,y € X. Show that there exists a xy € X such that T'(z) = z for all
r e X.

(4p)

4. Give the definition of compact operator on a Hilbert space and show that every
compact operator is bounded.



(4p)

5. Give the definition of strong and weak convergence of a sequence on a Hilbert
space H. Show that strong convergence implies weak convergence. Give an
example of a weakly convergent sequence on a Hilbert space that does not
converge strongly (including a proof of the statement).

(5p)

6. Assume that T": X — X is a mapping on a Banach space X and that there
exist real numbers ¢,, n =1,2,3, ... satisfying ¥°° ;¢,, < oo such that

1Tz = Tyl < enllz -yl

for all positive integers n and all z,y € X. Show that the sequence (7"2)22,

converges for every z € X and that the limit is a fixed point for 7" and that
the fixed point is unique.

(4p)

Good Luck!!
PK



Matematik, CTH & GU

Tentamen i Funktionalanalys TMA401/MANG670
Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon: Elisabeth Wulcan 0762-721860

Larare besoker skrivsalen ca 9.30 och 11.30.

Datum: 2007-06-01
Skrivtid: fm (5 timmar)
Lokal: V

1. Set .
Tf(z) = /0 sin(z — ) f(£) dt, = € [0,27].

Show that 7" is a bounded linear and compact operator when 7' is considered
as an operator on

(a) the Banach space C(]0, 27]),
(b) the Banach space L*([0, 27]).

(4p)

2. Show that the boundary value problem

u”(z) + Asinu(2?) = u(z), 0<z<1
{ u(0) =0,u(1) =0

has a unique solution u € C? for |[\| small enough. Give an estimate \g > 0
such that the problem has a unique solution for all |A| < Ao.

(4p)

3. Let (e,)52, be an ON basis for a Hilbert space H. For each n set f,, = e,411—¢€,.
Show that span{f, :n=1,2,3,...} is dense in H.

(4p)

4. State and prove (a version of) Banach’s contraction fixed point theorem.

(4p)



5. Let A be a bounded linear operator H — H where H is a Hilbert space.
Define the adjoint operator A* and show that it is a well-defined bounded
linear mapping on H with || A*|| = ||A].

(5p)

6. We say that an inner product space (E, (-,-)) has the Riesz property if every
bounded linear functional f on E is given by f(x) = (x, zo) for some zy € E.
Riesz representation theorem implies that every Hilbert space E has the Riesz
property. Show that every inner product space with the Riesz property must
be a Hilbert space.

(4p)

Good Luck!!
PK



Matematik, CTH & GU

Tentamen i Funktionalanalys TMA401/MANG670
Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon: Aron L/Roger A 0762-721860

Larare besoker skrivsalen ca 9.30 och 11.30.

Datum: 2007-01-18
Skrivtid: fm (5 timmar)
Lokal: V

1. Show that there exists a unique C*-function u(z) defined on [0, 1] with u(0) =
u(1) = 0 such that

u”(z) — cos®u(z) =1, x € [0,1].
(4p)

2. Show that there exists a function f(z) defined on [0, 1] with fol |f(z)]?dz =1
such that

1 1 1

“Tdx = “Tdx 2d =1}

| @ de =sw [ oo [Ca@ e =1y
Calculate f(z) and fol f(x)e " dx.

(4p)

3. Suppose f : R — R satisfies |f(z) — f(y)| < |z — y| whenever = # y and has
no fixed points. Show that either

f"(x) — 400 as n — oo forallz € R

or
f"(x) — —oc0 as n — oo forall z € R.

Here f" denotes the composition of f with itself n times.

4. State and prove the Riesz representation theorem.



5. Let A be a bounded linear operator on a Hilbert space H. Define the adjoint
operator A*, show that it exists as a bounded linear operator on H and show
that ||A*[| = [|A].

(4p)

6. Let T be a linear mapping on a complex inner product space E such that
|Tz|| = ||z|| for all x € E. Show that (T'x, Ty) = (x,y) for all z,y € E.

(4p)

Good Luck!!
PK



Matematik, CTH & GU

Tentamen i Funktionalanalys TMA401/MANG670
Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon: Oscar Marmon 0762-721860

Larare besoker skrivsalen ca 9.30 och 11.30.

Datum: 2006-09-02
Skrivtid: fm (5 timmar)
Lokal: V

1. Show that the family of all solutions of the ODE y” = y in the interval (0, 1)
is a subspace of C'((0,1)). Show that the family of all solutions of " = y? is
not a subspace of C'((0,1)).

(4p)

2. Show that Y = {x = (2,)%%, € I* : 29, = 0,k = 0,1,2,...} is a closed
subspace of [? and find Y.

(4p)

3. Consider
f(x) +c/01(x +1t)f(t)dt = g(x) € C([0,1]), = € [0,1].
Assuming ¢? + 12¢ — 12 # 0, solve the equation.

(4p)
4. State and prove the Lax-Milgram theorem.

(5p)
5. Show that the adjoint operator of a compact operator is compact.

(4p)

6. Suppose! f: R — R satisfies | f(z) — f(y)| < |r — y| whenever x # y. Show
that there exists a £ € [—00, 00| such that for any real z, f"(z) — £ asn — oo.
Here f™ denotes the composition of f with itself n times.

'Hint: Consider the the two cases that f has a fixed point and that f has no fixed point
respectively.



(4p)

Good Luck!!
PK



Matematik, CTH & GU

Tentamen i Funktionalanalys TMA401/MANG670
Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon: Milena Angelova 0762-721860, Peter Kumlin 0739-603800
Larare besoker skrivsalen ca 9.30 och 11.30.

Datum: 2006-05-29
Skrivtid: fm (5 timmar)
Lokal: V

1. Consider the complex vector space ¢y of all sequences x = (x,)%2; such that
r, — 0in C as n — oo. Let (27)%, be the decreasing rearrangement? of
(|zn])o,. Define for x = (2,)5%, € ¢

%[l = sup

1
—¥" x
n=1%n
m=1,2,3,... V1

and set dy = {% € ¢¢ : ||%]|« < co}. Show that || - ||+ is a norm on dy.
(4p)

2. Show that the boundary value problem

u'(z) +u?(2?) =0, 0<z<1
{ w(0) = 0,u(1) =0, ue C?*([0,1])

has a solution u with the property maxo<,<1 |u(z)| < 1. Show that the solution
is unique.

(4p)
3. Let T be the integral operator on the complex Hilbert space L?([—m, 71]) defined
by
Tf) = [ Haf@d

—Tr

2For each positive integer n we denote by x7 the real number = that satisfies
[k s foal > 2} < n < [{k s el = ).

Here | A| denotes the number of elements in the set A.

10



where k(z,t) = (sinz + sint)? — £. Show that 7T is self-adjoint and calculate
|T|]. Find all nonzero eigenvalues and corresponding eigenfunctions for 7" and
determine o (7). Solve the equation

Tu=rmu— —
U ="mTu 1

in L2([—m, 7).
(4p)

. State and prove the Riesz representation theorem.

(4p)

. Let (z,)%, be a weakly convergent sequence in a Hilbert space H. Prove that
()22, is a bounded sequence in H.

(5p)

. Let T : H — H be a compact linear mapping on a Hilbert space H. Show
that

(a) dimN(I +T) < o0
(b) dimN (I +T*) =dimN(I +T)

Here I denotes the identity operator on H and 7™ the adjoint operator of T'.

(4p)

Good Luck!!
PK
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Matematik, CTH & GU

Tentamen i Funktionalanalys TMA401/MANG670
Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 3,4,5.

Telefon: Marcus Better, 0762-721860

Larare besoker skrivsalen ca 9.30 och 11.30.

Datum: 2006-01-12
Skrivtid: fm (5 timmar)
Lokal: V

1. Prove the existence and uniqueness of a solution to the following boundary
value problem:

_// :2 - < <1
Ww) =24 Ty 0ses

w(0) = u(1) =0, ue C2()0,1]).
(4p)
2. Set H = L?([0,1]). Let T be given by
rre) = [ s
Show that

(
(

a) T is a bounded linear operator on H and

b) calculate the kernel k(x,t) for T" and show that T is self-adjoint.

)
)
(c) Moreover calculate the kernel ko(x,t) for T? and
(d) find? all eigenvalues and eigenfunctions for 7.

)

(e) Finally calculate ||T.

(8p)

3Hint: Let f be an eigenfunction for T and calculate (T2 f)”. Show that f is a solution to the
equation A2f"” + f = 0.

12



3. State and prove the Lax-Milgram Theorem.

(5p)

4. Let KC(H) be the subset of all compact linear operators H — H on a Hilbert
space H in B(H) with the operator norm. Show that K(H) is a closed
subspace in B(H).

(4p)

5. For non-negative integers k let C*(0,1) be the vector space of k times contin-
uously differentiable functions f : (0,1) — R such that

1Fllx = sup Sl ()] < oc.
te(0,1)

Show that X, = (C*(0,1), - |[x) is a Banach space and that the identity map
I: X, — X1, f— f,is a compact operator.

(4p)

Good Luck!!
PK

13



Matematik, CTH & GU

Tentamen i Funktionalanalys TMA401/MANG670
Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon: Johan Jansson, 0762-721860

Larare besoker skrivsalen ca 9.30 och 11.30.

Datum: 2005-08-27
Skrivtid: fm (5 timmar)
Lokal: V

1. Show that the boundary value problem

u"(x) +u(z) + Aeos(l +u(x)) =0, 0<z<1
{ uw(0) =0, v (0)=1, ue C*[0,1])

has a unique solution for |A| <€, € small. Give an upper bound on € .

(4p)
2. Define T : L*([0,1]) — L?([0,1]) by
15@) = [ ks,
where L ast
k(m,t):{ 0 z<t =
Find o (7).
(4p)

3. Let x, = (0,0,...,0,1,2,0,...) where the numbers 1 and 2 appear in the
positions n and n + 1 and let y, = (1,1,...,1,0,0,...) with the number 1
in the first n positions. Consider these as vectors in [2. Prove that for all
n=12...

yn & Span{zy, za, .. .}.

(4p)

14



. State and prove the Lax-Milgram Theorem.

(5p)

. Show that every weakly convergent sequence in a Hilbert space is bounded.

(4p)

. Let f : E — C be a linear functional on a normed space E. Assume that N'(f)
is closed. Show that f is bounded.

(4p)

Good Luck!!
PK

15



Matematik, CTH & GU

Tentamen i Funktionalanalys TMA401/MANG670
Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon: Peter Kumlin 031-7723532, 0739-603800

Larare besoker skrivsalen ca 9.30 och 11.30.

Datum: 2005-05-25
Skrivtid: fm (5 timmar)
Lokal: V

1. Show that the boundary value problem

{ u"(x) +u(z) + Aeos(l +u(x)) =0, 0<z<1
uw(0) =u'(0) =0, ue C?([0,1])

has a unique solution for |A| <€, € small. Give an upper bound on € .
(4p)

2. Let (e,)22; be an ON-basis in a Hilbert space H and define the operator 7" by

1
T (X janen) = X0 o—ap€pn_1.
n

Show that T' is compact and find T*. Find* 0,(T) and o,(T*).

(4p)

3. Let fi, fo,..., fn € B(H,C) be linearly independent where H is a Hilbert
space. Show that there exist x1,xs,...,x, € H such that

|1 i=y
foralli=1,2,...,n.

(4p)

4o,(A) = {\: X eigenvalue to A}.

16



4. State and prove the Orthogonal Projection theorem®. Also the “Closest Point
Property” theorem should be proved.

(5p)

5. Let T' € B(X, X) where X is a Banach space and ||T'|| < 1. Show that I + T
is an invertible operator, i.e. (I +7)7! € B(X, X).

(4p)

6. Let T': H — H be a linear mapping in a Hilbert space H. Assume that
Tx, — Tz for every z,, — x. Show that T' € B(H, H).

(4p)

Good Luck!!
PK

50Often referred to as the Orthogonal Decomposition theorem.

17



Matematik, CTH & GU

Tentamen i Funktionalanalys TMA401/MANG670
Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon:

Datum: 2005-01-14
Skrivtid: fm (5 timmar)

1. Show that the following boundary value problem

{ u”(z) +u'(z) = arctanu(z?), 0<z <1
uw(0) =u(1) =0, we C*[0,1])

has a unique solution.
(4p)

2. Let T be a positive compact self-adjoint operator on a Hilbert space H with
|T|| < 1. Give an upper estimate® for

137* — 20T° + T?.
(4p)
3. Let k € L*([0, 7] x [0,7]) and consider the linear mapping
T L*([0,7]) — L*([0,7])
given by _
75e) = [ ko) f@)dy. v e
for f € L*([0,7]). One standard estimate for the operator norm for 7' is

1T < NI+l 221071 ¢ 0.7 -

Prove” that also the following estimate is true:
T 1 T 1
71 < (sup [ kGl dy)tsup [ k(o] da'.
T 0 Y 0

Finally apply these two estimates to the kernel function k(x,y) = cos(z — y),
i.e. calculate the two upper bounds for the operator norm.

(4p)

6Better than the trivial estimate 24
"Apply the formula ||g|| = supy, =, [(g,h)| to Tf. Also the estimate ab < $a* + +b? for all
a,b € R and ¢ > 0 can come in handy.

18



. State and prove Banach’s fixed point theorem.

(5p)
. State and prove the orthogonal projection theorem.

(4p)
. Let X be a finite-dimensional vector space with a norm || - ||. Moreover let T’

be a linear mapping on X that is 1 — 1. Show that there exists a C' > 0 such
that
|Tz|| > C|lz| all € X.

(4p)

Good Luck!!
PK

19



Matematik, CTH & GU

Tentamen i Funktionalanalys TMA401/MANG670
Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon: Rolf Liljendahl 073-9979268

Datum: 2004-08-28
Skrivtid: fm (5 timmar)

1. Show that the following boundary value problem

1
" 7:1 < <1
Su (x)+1+u(x)4 , 0<z<

uw(0) =u(1) =0, ue C?*([0,1])

has a unique solution.

(4p)
2. Let (e,)%%; be an orthonormal basis for a Hilbert space H and set

fo=cel
fr=exs1 k>0 .
fr=e€_ax k<O

Moreover define S by S(X52_ arfr) = X3 _arfe+1. Show that S is a well-
defined bounded linear mapping on H, calculate ||.S|| and show that S has no
eigenvalues.

(4p)

3. Let (ex)p_; be a sequence of vectors in a Hilbert space H. Assume that
lex|| = 1 for all k. Show® that

D=

)

i@ e < [l (1 + (E’iz;lll(%eﬁlz)

for all z € H. Note that if (ej)}_; is an ON-sequence in H then the statement
is called Bessel’s inequality.

(4p)

8Hint: Note that X|(x,ex)|? = (2, X(x, ex)e).

20



. State and prove the Lax-Milgram theorem.

(5p)

. Let P, be orthogonal projections on a Hilbert space such that PQ) = QP.
Show that P + Q) — P(@ is an orthogonal projection.

(4p)

. Let T : H — H be a compact linear operator on a Hilbert space H. Show
that R(I 4+ T') is a closed subspace of H.

(4p)

Good Luck!!
PK

21



Matematik, CTH & GU

Tentamen i Funktionalanalys TMA401/MANG670
Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon: Peter Kumlin 035-52077 eller 0739603800

Datum: 2004-05-29
Skrivtid: fm (5 timmar)

1. Show that the following boundary value problem

(1+u(z®) =0, 0<z<1

{ W (z) — u(z) + - —0,
u e C%([0,1])

2
u(0) = u/(0) =0,
has a unique solution.

(4p)

2. Let H = L*([a,b]), a, b finite, and
1 b
1f() = [ S e lab)
Show that 7" is a bounded linear operator H — H and that T is a projection.

(4p)
3. Let h € C([0,1] x [0,1]) be a real-valued function such that
h(z,y) = h(y,z) >0
for all z,y € [0, 1]. Set
1
7f(x) = [ WS ) dy. o€ .1
0

for f € L*([0,1]). Show that the bounded linear operator 7' on L?([0,1]) has
an eigenvalue A = ||T’|| which is simple.

(4p)

22



4. State and prove the Orthogonal Projection theorem?. Also the “Closest Point
Property” theorem should be proved.

(5p)

5. Define the notion of weak convergence on a Hilbert space and show that every
weakly convergent sequence is bounded.

(4p)

6. Show that for every compact self-adjoint operator T" on a Hilbert space there
exists an eigenvalue A of T" with |[A\| = ||T'||. Also show that there can be no
eigenvalue p of T" with |u| > |||

(4p)

Good Luck!!
PK

90ften referred to as the Orthogonal Decomposition theorem.

23



Matematik, CTH & GU
Tentamen i Funktionalanalys TMA401/MANG670
Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.

Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!

Teoriuppgifter: 4,5,6.
Telefon: Karin Kraft 0740-459022

Datum: 2004-01-12
Skrivtid: fm (5 timmar)

1. Show that the following boundary value problem

has a unique solution.

2. Let T be the linear mapping on L*([0, 1]) defined by

(4p)

Tf(z) = / (r+9)f(y)dy, 0<z<1.

Show that 7" is bounded and calculate ||7||.

(4p)

3. Show that the following boundary value problem (almost the same as problem

1)

has a solution for all A € R.

24

<7
x J—
-2

(4p)



4. State and prove the Riesz representation theorem.

(5p)
5. Let T be a mapping on a real normed space X satisfying
Tx+y) =T(x)+T(y) for all z,y € X.
Show that
T(Ax) =AT(z) for all A€ Rand 2z € X
if T" is continuous.
(4p)

6. Let (x,)22, be a complete ON-sequence in a Hilbert space H and let (y,)2,
be another ON-sequence such that

Soillen —yall® < 1.

Show that the ON-sequence (y,,)%, also is complete.

(4p)

Good Luck!!
PK
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Matematik, CTH & GU

Tentamen i Funktionalanalys TMA401/MANG670
Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon: Anders Logg 0740-459022

Datum: 2003-08-30
Skrivtid: fm (5 timmar)

1. Show that the following boundary value problem

" _ oy ulx)
u (x)—u(x)—)\m, 0<z<l1

w(0) — u/'(0) + u(1) = u(0) +u/(0) + 2u'(1) =0, u € C?*([0,1])

has a unique solution for |A| < ¢ where € > 0 is close to 0. Give an estimate
on the size of e.

(4p)
2. Show that the set {fi(x), fa(z), f3(x),...} , where f,(z) = 2", -1 <z <1
and n = 1,2,3...., is linearly independent and use the Gram-Schmidt pro-

cess (with the Hilbert space L*([—1,1])) to produce the first three orthogonal
vectors, call them g1, g2, g3, out of fi, fa, f3.

(4p)

3. Let (u,)S2, be an othonormal sequence in L*([0,1]). Show that the sequence
is an orthonormal basis if

fo’:l\/ un(t) dt|* =z, for all x €0,1].
0

(4p)

26



4. State and prove the Riesz representation theorem.

(5p)

5. Let H be a Hilbert space. Prove or disprove the statement: Every bounded
linear mapping on H preserves orthogonality.

(4p)

6. Let X be a separable Hilbert space and T": X — X a compact linear operator.
Show that 7" can be approximated by finite rank operators in B(H), i.e. there
exist a sequence of finite rank operators T,, on H such that T,, — T in operator
norm.

(4p)

Good Luck!!
PK
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Matematik, CTH & GU

Tentamen i Funktionalanalys TMA401/MANG670
Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon: Axel Malqvist 0740-459022

Datum: 2003-05-31
Skrivtid: fm (5 timmar)

1. Prove the existence and uniqueness of a solution to the following boundary
value problem

arctanu(z?), 0<x <1

{ u(z )—l—u'(:c) =
(1) =0, ue C?*[0,1])

1)
(4p)

2. Let (e,)22, be an ON-basis for a Hilbert space H and assume that T : H — H
is a bounded linear operator on H such that

SrtilTenl* < oo.
Show that if (f,,)52, is another ON-basis for H then
Sl T full* = S22, Tenl”

Moreover show that
IT)* < 552, | Ten|.

(4p)

3. Set Ry = {x € R: x> 0}. For f € L*(R,) define

1 X
_;/0 f#)dt, z>0.

M : L*(Ry) — L*(Ry)

is a bounded linear mapping on L?(R, ), calculate the operator norm of I — M
and, finally, determine the adjoint operator of M. Here I denotes the identity
operator on L?(R,).

Show that

(4p)
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4. State and prove the Riesz representation theorem.

(5p)

5. Let KC(H) be the subset of all compact linear operators H — H on a Hilbert
space H in B(H) with the operator norm. Show that KC(H) is a closed subspace
in B(H).

(4p)
6. Let X be a Banach space and T': X — X a compact'? linear operator. Show
that there exists a constant C' such that for every y € R(I +T') there exists a

x € X with y = (I + T')z such that

=]l < Cllyll-

(4p)

Good Luck!!
PK

10Exactly the same definition as for a linear operator on a Hilbert space
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Matematik, CTH & GU

Tentamen i Funktionalanalys TMA401/MANG670
Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon: Erik Broman 0740-459022

Datum: 2002-08-21
Skrivtid: fm (5 timmar)

Lokal: VV22
1. Let A be the linear mapping on L?([0,1]) defined by
1
Af) = [ @2 f)dy, 021,
0
Calculate
(a) A
(b) (Al
(1+3p)

2. Consider the differential equation
—u" = \e¥, 0<x<l,
u(0) = u(1) = 0.
(a) Formulate the boundary value problem as a fixed point problem u = T'u,
where 7T is an integral operator.

(b) Set B = {u € C([0,1]) : ||u|lo < 1}. Show that T" maps B into itself
provided 0 < A < A for g sufficiently small. Give a numerical value on
Ao-

(c) Show that the differential equation is uniquely solvable in B with A chosen
as in (b).

(24+1+1p)

3. Let T be a positive, self-adjoint, compact operator on a Hilbert space H. Show
that

<T{L’,£L’>n < <Tnx>$> ' <x’l,>2(n—l)’

for all positive integers n and all x € H.

(4p)
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. State and prove Lax-Milgram’s theorem.

(5p)

. State and prove the orthogonal projection theorem.

(4p)

. Let A be a subset of a Hilbert space H. Show that (A1)’ is the smallest
closed subspace of H that contains A.

(4p)

Good Luck!!
PK
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Matematik, CTH & GU

Tentamen i Funktionalanalys TMA401/MANG670
Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon: Peter Kumlin 0739603800 (eller 035 52077)

(Om telefonen ovan ej fungerar: Jana Madjarova 031 7757763)

Datum: 2002-06-01
Skrivtid: fm (5 timmar)
Lokal: maskin

1. Let A be the linear mapping on L?([0,1]) defined by

Af@) = [@-nfady 0<ast
Calculate
(a) A*A
(b) [ A].

(2+2p)

2. Prove the existence and uniqueness of a solution to the following boundary
value problem

" _ 1
w(0) =u(1) =0, wueC2(]0,1))

(4p)

3. Let T': X — X be a mapping (not necessary linear) on a normed space X.
Moreover assume that there are real constants C, o, where o > 1, such that

[T(x) =Tyl < Cllz =y forall z,y e X.

Show that there exists a z € X such that T'(xz) = z for all x € X.

(4p)
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4. State and prove Hilbert-Schmidt’s theorem.

(5p)
5. Let A be a bounded operator on a Hilbert space H. Define the adjoint operator
A* (also prove that it exists) and show that A* is a bounded operator on H

with [|A]] = [|A*]]

(4p)

6. Let T be a self-adjoint operator on a Hilbert space H. Assume that T" is
compact for some integer n > 2. Prove that 7T is compact.

(4p)

Good Luck!!
PK
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Matematik, CTH

Tentamen i Funktionalanalys TIMA400

Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon: Peter Kumlin 772 3532 (alternativt 0739603800)

Datum: 2002-01-26
Skrivtid: fm (5 timmar)
Lokal: maskin

1. Lat H vara ett oéindligtdimensionellt Hilbertrum och T': H — C en begrénsad
linjéir funktional # 0. Berikna dimensionen for det linjira delrummet N (7T')*
av H. Ge ocksa ett exempel pa ett Hilbertrum H och en funktional 7" som
ovan.

(4p)

2. Visa att det finns exakt en tva ganger kontinuerligt deriverbar funktion wu(x)
definierad pa intervallet [0, 1] sadan att u(0) = u(1) = 0 och

u”(z) — cosPu(x) =1, =z €[0,1].
(4p)

3. Lat T vara en sjidlvadjungerad, positiv, kompakt operator pa ett Hilbertrum
H med ||T|| < 1. Ge en uppskattning!! av

137* — 20T° + T?.
(4p)

4. Formulera och bevisa Lax-Milgrams sats.

(5p)

5. Lat T vara en begransad linjar operator pa ett Banachrum X. Definiera o (7).
Lat 0,(T) beteckna det approximativa spektrumet for 7', dvs méngden av alla
komplexa tal A for vilka det finns en foljder {x,}:2; 1 X med ||z,| = 1 sa att

lim [[(T — AD)a|| = 0.

Visa att 0,(T") ar en delméngd av o (7).

HEn uppskattning béttre dn den triviala
1374 = 2073 + T2|| < 3||T||* + 20||T||® + ||T||? < 24.
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(4p)

6. Givet en tit delméngd S i ett Banachrum X. Lat vidare {7},}°° , vara en foljd
av linjara operatorer pa X. Antag att

(a) lim,_ T}, = existerar for alla z € S och att

(b) det finns ett C' > 0 sa att
[T 2| < Cllz|]
for alla n och alla x € X.

Visa att lim,,_,o T}, x existerar for alla z € X.

(4p)

Motivera val!
Lycka till!!
PK
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Matematik, CTH

Tentamen i Funktionalanalys TIMA400

Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon: Robert Berman 0740-459022

Datum: 2001-08-29
Skrivtid: em (5 timmar)
Lokal:

1. Lat [* beteckna Banachrummet av alla sekvenser (...,z_o,x_1, Zg, T1, To, . . .)
med elementvis addition och multiplikation med skaldr och med den vanliga
normen ||x||? =¥ _ |z,|?. For varje x € [? definiera

(Tx), = Tpi1 + 20,1 +10x,, n=2k ke’
"\ 2Tp4q + Ty + 10z, n=2k+1,keZ

Avgor om T &r
(a) en begrinsad linjir operator pa [
(b) sjélvadjungerad

(c) en inverterbar operator'?.

(4p)

2. Visa att det finns exakt en tva ganger kontinuerligt deriverbar funktion wu(z)
definierad pa intervallet [0, 1] sadan att

u(0) — 2u(1) = u/(0) — 24/(1) = 0
och
4" (2) — |u(x) + x| =0, x€]0,1].
(4p)

3. Lat T vara en begrinsad linjir operator pa ett Hilbertrum H med dim R(T') =
1. Visa att for alla y € R(T), y # 0, finns entydigt bestimda x € H sa att

Tz=(z,z)y, z¢€ H.

Visa ocksa att
T[] = fll - Nl
Anvénd t.ex. detta faktum for att berdkna operatornormen for avbildningen

Tf(t) :/0 e f(s)ds,  fe L*0,1].

2dvs T—1 € B(12).
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(4p)

4. Formulera'? och bevisa Banachs fixpunktssats.

(4p)

5. Formulera och bevisa Riesz representationssats.

(5p)

6. Givet ett slutet dkta delrum F i ett normerat rum E. Visa att det for varje
e > 0 finns ett * € E sadant att ||z = 1 och ||z — y|| > 1 — € for alla
y € F. Anvind t.ex. detta for att visa varje normerat rum X dér den slutna
enhetsbollen {x € X : ||z|| < 1} i X &r kompakt ar dndligtdimensionellt.

(4p)

Motivera val!
Lycka till!!
PK

13 Antingen den version som finns i kursboken eller den som &r given i fixpunktshiiftet.
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Matematik, CTH

Tentamen i Funktionalanalys TIMA400

Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon:
Datum: 2001-05-30
Skrivtid: 8.45 — 13.45 (5 timmar)
Lokal: VV
1. Sétt

Au(x) = /OW " eos(x + y)u(y)dy, x€0,7].

Berdkna operatornormen for A och avgor om A dr en kompakt operator da A
betraktas som en operator pa

(a) Banachrummet C[0, 7],

(b) Banachrummet L?[0, 7.

(2p+2p)

2. Visa att det finns exakt en tva ganger kontinuerligt deriverbar funktion wu(x)
definierad pa intervallet [0, 1] sadan att u(0) = u/(0) = 0 och

u'(z) — u(x) + %(1 +u(z?)) =0, x€]0,1].

(4p)

3. Lat E vara ett normerat rum. Visa att det inte kan finnas avbildningar S, T €
B(E) sadana att
ST-TS=1,

dér I betecknar identitetsoperatorn pa E.

(4p)
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4. Formulera' och bevisa Banachs fixpunktssats.

(4p)

5. Formulera och bevisa!® spektralsatsen for sjilvadjungerade kompakta opera-
torer pa Hilbertrum.

(5p)

6. Lat T vara en normal linjér avbildning pa ett Hilbertrum H, dvs T &r en be-
gransad operator sadan att 7" kommuterar med sin adjunkt 7™, eller i klartext

T7r* =T*T.
Visa att

(a) [|Tx|| = ||T*x| for alla z € H;

(b) A #r ett egenviirde med egenvektor z till T om och endast om \ egenvirde
med egenvektor x till T™.

(1p+3p)

Motivera val!
Lycka till!!
PK

14 Antingen den version som finns i kursboken eller den som &r given i fixpunktshiiftet.
15Beviset ska inkludera bevis av den sats som kallas for Hilbert-Schmidts sats i kursboken.
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Matematik, CTH

Tentamen i Funktionalanalys TIMA400

Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon: ..o

Datum: 2001-02-17
Skrivtid: 8.45 — 13.45 (5 timmar)
Lokal: Maskinhuset

1. For u € C|0, 1] sitt

(@) = [l = slut) dy, o€ 0.1

Visa att A &r en begridnsad linjar operator pa Banachrummet C[0, 1] samt
berékna operatornormen ||A||.

(4p)

2. Visa att det finns exakt en tva ganger kontinuerligt deriverbar funktion wu(z)
definierad i intervallet [0, 7] sadan att u'(0) = «/(5) = 0 och

™

u'(z) +u(x) = %sinu(zz), z €0, 5]

Berdkna har forst Greenfunktionen och formulera sedan om differentialekva-
tionen som en integralekvation. Bestdam slutligen funktionen u(x).

(4p)

3. Antag att H &r ett Hilbertrum. Anvéand spektralsatsen for att finna en H-vard
16sning u(t) till begynnelsevérdesproblemet

du
- A —
7 (t) + Au(t) =0, t >0,

U(O) = Ug € H,

dar A ar en kompakt, sjilvadjungerad, positivt definit operator pa H. Visa
att
lu()]| < [luoll, t =0.
(4p)
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4. (a) Lat A vara en begrinsad linjar operator pa ett Hilbertrum H. Visa att
N(A*) =R(A)*.
(b) Definiera vad som menas med att en foljd i ett Hilbertrum konvergerar
svagt. Ge exempel pa en foljd som konvergerar svagt men ej starkt.

(4p)
5. Formulera och bevisa Riesz representationssats.

(5p)

6. Lat H vara ett komplext Hilbertrum och A en begréansad linjar operator pa

H med egenskapen att
(Az,z) € R

for alla x € H. Visa att A &r sjalvadjungerad.

(4p)

Motivera val!
Lycka till!!
PK
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Matematik, CTH

Tentamen i Funktionalanalys TIMA400

Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon: Niklas Lindholm, 0740-350646

Datum: 2000-08-22
Skrivtid: 8.45 — 13.45 (5 timmar)
Lokal: VV

1. Lat (a,)22, vara en begriansad foljd, dvs (a,)>2, € [*°. Visa genom att an-
viinda Banachs kontraktionssats'® att det finns en begréinsad foljd (z,,)°2; som
16ser

Tpo1+4x, +Tp1 =a,, n=12 ...

dar Ty — 1.

(4p)

2. Beriikna normen av operatorn A : C[0, 7] — C0, 7| given av

(Af)(x) = / (11 ) £y dy.

Beriikna ocksa normen av operatorn B : L?[0, 7] — L?[0, 7] given av

(Bf)(x) = / "1+ D) f(y) dy.

Funktionerna dr komplexvarda.

(4p)
3. Lat T vara definierad for x = (z,,)2, enligt
(TX), =nx,, n=1,2 ...

Visa att D(T) = {x € I> : Tx € [?} dr en tit delméingd i [* och att T &r en
sluten operator!” i [2, dvs att x, € ’ forn=1,2,...,x, —yil? Tx, —zi
I? medfor att y € D(T) och Ty = z.

16Betrakta avbildningen

1
7t

Tp = —(ap — Tp—1 — Tpt1), n=1,2....

TUtnyttja t.ex. att T dr en sjalvadjungerad operator.
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(4p)

4. Lat co,cq, ..., c,—1 vara kontinuerliga funktioner pa intervallet I = [0, 1], dér
n &r ett heltal > 2. Lat vidare a;j,3;; for« =0,...,n—1och j=1,....n
vara komplexa tal och sétt

Rju = E?:_(]l (a”u(’) (0) + ﬁwu(l)(l)), ] = 1, cee, N

Vidare satt
Lu=u™ +c,_qu™ D+ .. +cu™ + cou

och
Ru = (Ryu, ..., Ryu).

Ge tillréckliga villkor for att det for varje f € C(I) ska finnas en unik 16sning
u € C™(I) till problemet
Lu=f
{ Ru=0"

Redogor dessutom for hur man berdknar w, dvs beskriv hur man bestdmmer
Greenfunktionen till randvérdesproblemet.

(4p)

5. Formulera och bevisa "Orthogonal decomposition theorem”.

(5p)

6. Lat H vara ett komplext Hilbertrum och A en begréansad linjar operator pa
H med egenskapen att
(Az,z) € R

for alla x € H. Visa att A &r sjalvadjungerad.

(4p)

Motivera val!
Lycka till!!
PK
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Matematik, CTH

Extra Tentamen i Funktionalanalys TMA400
Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon:

Datum: 2000-06-06
Skrivtid: em (5 timmar)
Lokal:

1. Berdkna normen av operatorn A : C[0, 7] — C|0, 7] given av

(Af)(x) = / (14 @V () dy.

Beriikna ocksa normen av operatorn B : L?[0, 7] — L?[0, 7] given av

(Bf)(x) = / (14 ) () dy.

(4p)
2. Antag att f € C([0,1]) och A € R.. Visa att ekvationen
{ u’(x) +u'(x) + Mu(z)| = f(z), = €][0,1]
u(0) = u(l) =0, u € C*([0,1])
har en entydigt bestdmd losning om || &r tillriackligt litet.
(4p)

3. Antag att T : L?[0,1] — L?[0,1] &r en linjir avbildning sadan att 7'f > 0 om
f > 0. Visa att T" ar en begrénsad operator.

(4p)

4. Definiera vad som menas med (ortogonal) projektionsoperator, att en operator
ar idempotent, samt visa foljande pastaende:

Antag att A &r en begréinsad linjéar operator pa ett Hilbertrum H. Visa att A
ar en (ortogonal) projektionsoperator pa H om och endast om A &r idempotent
och sjélvadjungerad.

(4p)
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5. Formulera och bevisa Riesz representationssats.

(5p)

6. Lat H vara ett komplext Hilbertrum och A en begriansad linjar operator pa
H med egenskapen att
(Az,z) € R

for alla x € H. Visa att A &r sjalvadjungerad.

(4p)

Motivera val!
Lycka till!!
PK
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Matematik, CTH

Tentamen i Funktionalanalys TIMA400

Hjilpmedel: Tnga (inte ens riknedosa).

Personuppgifter: Namn, personnummer, linje, antagningsar.
Inldmmning ska ske i uppgifternas ordning; v.g. sidnumrera!
Teoriuppgifter: 4,5,6.

Telefon: Peter Kumlin 772 3532

Datum: 2000-05-30
Skrivtid: 8.45 — 13.45 (5 timmar)
Lokal: Gamla M-huset

1. Betrakta integraloperatorn

2
Af(:c)z/o cos(x —y)f(y)dy, 0<uz <2m.

Visa att A definierar en begréinsad linjiar operator pa de tva Banachrummen
(reella funktioner)

(a) C[0, 2]

(b) L?[0,27].

Berékna operatornormen ||A|| i nagot av fallen.

(4p)
2. Antag att f € C([0,1]) och A € R. Visa att ekvationen
{ u'(x) +u/'(x) + Mu(x)| = f(z), z€]0,1]
u(0) = u(l) =0, u € C?([0,1])
har en entydigt bestdmd losning for |A| litet.
(4p)

3. Betrakta avbildningen
1 1 1
(1, 22,23, ...) — (271, §(x1 + 1), g(xl +xy+x3),. .., g(xl +xa+... ), . .).
Visa att detta #r en begrinsad linjir operator pa I2 som ej ér surjektiv.

(4p)
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4. Lat A : H — H vara en begransad linjar operator pa ett Hilbertrum H.
Definiera A* och visa att den dr en valdefinierad begréansad linjér operator pa
H och att ||A*|| = ||A||. Visa slutligen att om A, — AiB(H,H) dan — oo
och om alla A,, ar sjdlvadjungerade sa dr ocksa A sjdlvadjungerad.

(4p)

5. Formulera och bevisa Lax-Milgrams sats.

(5p)

6. Lat T vara en linjar begrinsad operator pa ett Hilbertrum H med ||T|| = 1.
Antag att det finns ett zop € H sa att Txyg = xy. Visa att da giller att
T*l’o = Xy.

(4p)

Motivera val!
Lycka till!!
PK
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Losningsforslag till TMA401/MAN670 2007-06-01

1. We should show that

Tf(x)z/oﬂsin(:c—t)f(t)dt, v € [0,27]

defines a linear bounded and compact operator on

(a) C([0, 27)),
(b) L*([0,2x]).

Linearity: standard calculation (omitted here)
Boundedness: Note that the norms in a) and b) are different!

(a): [Tf(x)| < Jo" |sin(x —1)| - |[f(B)]dt < [[7 [sin(@ — )] - | f]l dt < 27 f]]
implies that 7" is bounded and ||T'|| < 2.

(b): ITf|I*> = |f sin(z—t)f(t) dt|2dz < f 027T |sin(z—t)|> dt-|| f||? dz <
(2m)2] 1 imphes that 7" is bounded and ||T| < 2.

Compactness:

(a): This is a consequence of Arzela-Ascoli theorem. More precisely fix a
bounded sequence (f,,)22, in C([0,27]). Set M = sup,, || fal|. Then

i) (T f,)2, is uniformly bounded in C([0, 27]) since sup,, |7 f.| < 27M and

i) (T'fn)5 is equicontinuous on C([0, 27]) since sin « is uniformly continuous
n [—2m, 27| and hence for fixt € > 0 there exists a § > 0 such that

2
T fo(x) =T fn(y)] < M/o |sin(z —t) —sin(y —t)| dt < e

provided |z —y| < 9.

(b): Since every operator on a Hilbert space with finitedimensional range is
compact and
R(T) = Span{sinx, cosz}

we obtain that 7" is compact.
2. Consider the BVP

{ Lu = u"(x) — u(z) = —Xsin(u(z?)), z € 0,1] (%)
uw(0) =u(1) =0, u € C*([0,1]

Calculation of the Green’s function:
g(x,t) = (ar1(t)e” + ax(t)e™)0(x —t) + by(t)e” + ba(t)e™™
where
ar(t)et +ax(t)e ' =0 . . ar(t) = 3!
ai(t)e —ax(t)e t =1 e !
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and

by (t) + by (t) =0 o by (t) — _ESiIel;lEll_t)
sinh(1 —#) + eby(t) + e 'ho(t) =0 - bo(t) = esinh(1—t)

e?2—1

Hence we have g(z,t) = sinh(z — t)6(z — t) — 2 sinh(1 — ¢) sinh .

Now set

T:C(0,1]) — C([0,1)),

where Tu(z) = fol g(z,t)(—=Asin(u(t?))) dt. From Banach’s fixed point the-
orem we conclude that (%) has a unique solution if 7" is a contraction. For
u,v € C([0,1]) we have

[Tu(z) — To(x)] = |Al I/0 g(, t)(sin(u(t?)) — sin(v(t))) dt| <

1
<A / g, £)ldt 1 — o).

1
maxo<z<i1 fol \g(x,t)| dt
follows. (Calculations giving an estimate for Ay omitted here)

Hence T is a contraction for |A| < and the desired conclusion

. Forn=1,2,3,... we have f,, = e,11 — e,, where (e,)22, is an ON-basis for

the Hilbert space H. Assume that Span{f, : n = 1,2,3,...} is not dense in
H. Set S =Span{f,:n=1,2,3,...}. Then S is a closed proper subspace of
H. Let 0 # x € S*. Here

0= (z, fo) = (z,ens1) = (2, €n),

i.e.
(x,epi1) = (z,e4), n=1,2,3, ...

But (e,)7, is an ON-basis and so
x =32 (x,e,)e,

where
Z?LO:1|<3:> €n>|2 < 00

by Bessel’s inequality. This implies that (z,e,) = 0 for all n and x = 0. This
gives a contradiction. Hence S = H and the conclusion follows.

. See textbook
. See textbook

. Let (E, (-,-)) be an inner product space with the Riesz property. Assume that
(E,(-,-)) is not a Hilbert space. Let || - | denote the norm on E given by
|z]| = /(x,x), x € E. Then (E,|| - ||) is not a Banach space. Let (£, ||| - |||)

3



denote a completion of (E, ||-||). Here E is dense in E. Note that || - || satisfies
the parallellogram law and that

1 1 , .
(y) = 7Ule+ 9l = e = ylP") + =l +iyl” = llo — iyl*)

for all z,y € E. Then ||| - ||| satisfies the parallellogram law by continuity and
S0

1 1 , .
(z,9) = 2z + " = lllz = yllP*) + 2 (e + iyl = Mz - aylll*)

defines an inner product on F that coincides with (-,-) on E. Now (E, ((-,-)))
is a Hilbert space and by Riesz representation theorem has the Riesz property.
Fix £ € E'\ E and define

f(z) = {({(x,2)), v € E.

Then f defines a bounded linear functional on E. Note that |f(x)| < |||Z|||-||z]]
for x € E. By the Riesz property for E there exists a £ € E such that
f(x) = (z,z) for all x € E. Hence

((x,2—17)) =0, z € FE.

But E is dense in E so #—z = 0. This gives & = Z which yields a contradiction.
Hence (F, (-, -)) is a Hilbert space.



Losningsforslag till TMA401/MAN670 2005-05-25

1. Consider the BVP

{ Lu =u"(x) + u(x) = —Xcos(1 + u(x)), z € [0, 1] (%)
u(0) = u'(0) = 0, u € C2([0,1])

Calculation of the Green’s function:
g(x,t) = (a1(t) cosx + az(t) sinx)f(x — t) + by (t) cos x + by(t) sinx

where
—ay(t)sint + ay(t) cost =1 as(t) = cost

bi(t) = 0
{ bo(t) = 0

Hence we have g(x,t) = sin(z — t)0(x — t).

{ ai(t) cost + as(t)sint =0 Lo { ai(t) = —sint

and

Now set
T:C(]0,1])) — C([0,1]),

where Tu(z) = folg(:v,t)(—)\ cos(1 4+ u(t)))dt. From Banach’s fixed point
theorem we conclude that (x) has a unique solution if 7" is a contraction. For
u,v € C([0,1]) we have

|Tu(x) — To(x)| = || |/O g(x,t)(cos(1 +u(t)) — cos(1 4 v(t))) dt| <

1 T

<IN [ gt 0ldt = vl = ] [ sine = 1) dt flu = v <
0 0

<A (1 =cos1)||u — v]oo.

1

T and the desired conclusion follows.

Hence T is a contraction for |A| <
2. (e,)92, is an ON-basis in a Hilbert space H and T is defined by

1

T(XX apen) = 200, ———
( n=10 6) n—1n+1

An41€n
for (a,);2, € . Clearly T' € B(H, H) with ||T|| = 2. An easy calculation
gives

1
T*(E;L’Ozlbnen) = Enzg—bn_len.
n

T is a compact operator since ||T"— Ty|| — 0 as M — oo where Ty, M =

1,2, ..., are finite dimensional operators defined by
Tar (X2 [ane,) = M La e
M n=1%ntn) — n:1n+1 n+1&n-



More precisely we have ||T'— Ty|| < 77, M =1,2,....
Moreover A is an eigenvalue for T iff there exists an (eigen)vector
0 # 32 ja,e, such that T(X22 a,e,) = AX  aye,, ie.

1

A, = ——
“ n+1

pi1, M=1,2,...

This implies that only A = 0 is an eigenvalue for T' (with eigenvector e;).
Finally p is an eigenvalue for T iff there exists an (eigen)vector 0 # X2 b,e,
such that T*(X22,b,e,) = u¥22 1b,e,. This means that

1
bl :0, ubn: —bn_l, 7122,3,...
n

Hence T* has no eigenvalues. This gives 0,(7) = {0} and 0,(T*) = 0.

3. Riesz representation theorem implies that there are uniquely defined y;, € H,
k=1,2,...,n, such that

fe(@) = (w,yx) allaw € H,

where H is a Hilbert space. Moreover the fact that fi, fs,..., f, are linearly
independent in B(H, C) implies that y, s, . . ., y, are linearly independent!® in
H (easy to show). Now for each | € {1,2,...,n} consider the set ¥; = {y; :
k # 1}, We see that fi|y; # 0 since otherwise fi(z) = 0 for all x € Y;. This
would imply that

{yr b #1 c {u}"
and hence
Span{y;} C Span{yx : k # I},

which contradicts the linearly independence of 1, 4o, ..., y, Finally, for each
Il €{1,2,...,n} pick an z; € Y] such that fj(z;) = 1. These z;:s will satisfy
the properties stated in the problem.

4. See textbook
5. See textbook

6. Let H be a Hilbert space and let T': H — H be a linear mapping with the
following property:

T, —xinH = Tx,—Tzin H.
We should prove that 7" is bounded?.
Assume that 7" is not bounded. Then there exists a sequence (z,)°; such

that x,, — 0in H but Tz, /4 T0 = 0 in H. Without loss of generality (easy
to show) we may assume that

Y1,vy2, ..., yn does not need to be pairwise orthogonal.
2This can be done using the closed graph theorem, see the lecture notes on spectral theory, but
I have not discussed that theorem in class.



(a) |[Tz,|| =1forn=1,2,...,

(b) [|zn]| <27 forn=1,2,...,

(¢c) Tx, — 0in H.
Set y, = Tz, for n = 1,2,... and choose an increasing sequence (n;)7°, of

integers as follows: Set ny = 1. For [ = 2,3, ... let n; have the property

all m > ny.

| =

St Yner ym) | <
The existence of (n;);2, follows from the fact that v, — 0. This implies that

||Zl]\ilynz||2 = El]‘il<ynz>ym> + Z%zl,k#l<ynk>ynz> >
M -1 M
> M — 221Sk<lSM|<ynk7 ynl>| = 2l:l(l - 22k=1|<ynk7 ynl>|> > 7
Now y,, = Tz, and |z, || < 27%. Hence M x, — % for some & € H but
TS0 @y,) = SiL Ty, A T since® |51 Tay,, || > A — oo as M — oo.
Contradiction! Hence T is bounded.

3Every weakly convergent sequence is bounded

7



Losningsforslag till TMA401/MAN670 2004-08-28

1. Consider the BVP

{ u'() = 3(1 = viy)y - €0, )
uw(0) =u(1) =0, u € ([a, 1])

Step 1: Calculate the Green’s function g(z,t) for Lu = u”, u(0) = u(1) = 0.

Here
g(x,t) = (a1(t) - 1+ ag(t)x)0(x —t) + by (t) - 1 + bo(t)x
where
{ ay(t) +ax(t)t =0 e ar(t) = —t
ag(t) =1 o ag(t) =1
and
9(0,t)=0,0<t <1 bi(t) =
{g(l,t):0,0<t<1 e bo(t) =t — 1

which yields
=1z 0<z<t<l1
g(x’t)_{(x—l)t 0<t<z<l

Step 2: Set

Tu(z) = /0 g(:):,t)(% - % %M)dt, we c(0,1)).

If T:C([0,1]) — C([0,1]) is a contraction, then (*) has a unique solution. 7'
is a contraction since for u,v € C([0,1]),

1 _ 1
L4+ut(t)  1+04¢)

|dt <

Tu(e) = Tof@)| < 5 [ ot

4 1
< {mean value thm }| < ... < g/ lg(z, t)|dt]|u — v]|e <
0

Hence ||[Tu—Tv|o < 15/l — v« and so T'is a contraction. The Banach fixed
point theorem yields the result.

2. (€)%, ON-basis on H implies (fx)5>_., is an ON-basis on H where

f0:61,fk:62k+1,k’Zl,Q,...,fk:62k,/{5:1,2,...,

so every x € H has a unique representation > .~ ayfr, where
S ore o lag)? < oo (more precisely a, = (z, fx), k€ Z).

Clearly, S is well-defined and

o o o
ISCY " anf)llP =11 Y arfiral® = D laxl
k=—o00 k=—o00 k=—o00
[o¢] o
1D anful® = lal?
k=—00 k—oo



by Parseval’s formula. Hence S is an isometry and | S|| = 1. S has no
eigenvalues since if

A =0 then a; =0 all k&

A #£ 0 then ap = Aag,1 all k and hence Z lar|? = oo

k=—00
unless > 27 |ax]? = 0.
3. (er)%2 is a sequence in H, where ||ex|| = 1 for all k. We want to show that
Z| (@, en)]” < [P+ O [{exs en)]
k£l
Note that
Z ‘<LE‘, ek>‘2 = Z<x7 ek) <ZL’, €k> = <LU, 2k<.§lf, €k>€k> <
k k
< [lell - 138, ex)exl]-
Moreover

1D (@, en)erl” =D (w, ex) (@, e0) (ex, er) <
< Z [(z, )| [(z, e)[[{ex, ee)| =

—Z| (@, en)”+ Y ([, ex)|[(z, e ) (e, en)| <
k#£L

< Z [y e ” + O (1 en) - [z, e0) )7 x
k;éf
Z‘ ekvef /2

k¢

<> e + (Z [, ex) [P[(, e0) )12 x
Z‘ €k,€z 1/2

k£t

:Z\@,ek 1+ Z|€k,€g /2
k

kA
This yields the result.

4. 5.and 6. Theory from book (and lectures).



Losningsforslag till TMA401/MAN670 2004-05-29

1. Consider the BVP

{ Lu = u"(z) — u(z)

=3 +u@@),  zel0]
u(0) = u/(0) =0, u € C?

(0, 1) (*)
Calculation of Green’s function

g(@,t) = (a(t)e” + as(t)e)0(x — t) + by (£)e® + by(t)e™

where
{ ar(t)et + ag(t)e ™t =0 Lo ar(t) = e
ai(t)e —as(t)e t =1 T ag(t) = —3é
and W)+ b)) =0 . bi(t) =0
{ bi(t) —by(t) =0 % by(t) =0

Hence we have g(x,t) = sinh(z — ¢)0(x — t).

Now set
T:C([0,1]) — C([0,1]),

where Tu(x fo 1(1+wu(t?)))dt. From Banach’s fixed point theorem
we conclude that ( ) has a unlque solution if 7" is a contraction. For u,v €
([0, 1]) we have

|Tu(z) — Tv(z)| = |/ x, t —o(t?))dt]| <

/ (@, B[t — 0]l = (coshk )= o]l <

1
< 1(64‘ P 2) |u—v||s
~—————
<1

Here T is a contraction and the statement follows.
2. Set, for f € L*([a,b]), T f f(x)dx, x € [a,b].
Tf € L*([a,b]) since

b b
11 = [ Gal | fla)dalat =

boob
= (ﬁ)z/a |/a f(x)dz|*dt < {Holder} <

<) [ (=) [ 1Pt = [Pt = 1712

T linear: easy to show.

T bounded: see above. In particular we get ||T'|| < 1.

To show that 7" is an orthogonal projection it suffices to show that T? = T
and T* =1T.

10



(a) Take f € L*([a,b]). Then

(T%f)(x) T(— /f t)dt) ia/abbia/abf(:c)dtds:

=(Tf)(x), all =z € [a,b]

Hence T? = T.
(b) Take f,g € L*([a,b]). We obtain

(Tf,9) I/abﬁ/abf(:c)d:c-mdt:
- [ [

b b
— [ @)= [ otttz = (5.19)

The statement is proved.

Hence T* =T.

. Let h € C(]0,1] x [0, 1]) be real-valued and
h(z,y) = h(y,x) >0 all z,ye€l0,1]. (%)

Set T'f(z fo y)dy, x € [0,1], for f € L*([0,1]). We want to show
that T has an elgenvalue )\ = ||T’|| whitch is simple. (All eigenvalues X\ satisfy
IA| < ||T||). Since the kernel is continuous and satisfies (x) we see that T'
is a compact, self-adjoint operator or L?([0,1]) and hence has an eigenvalue
A € R with |A| = ||T']|. Since h > 0 we see that A = ||T'|| (see first and second
observation below). It remains to prove that this eigenvalue is simple.

First observation: f eigenfunction for A = f € C([0,1]) which follows from
Lebesgues dominated convergence. Then

Second observation: f eigenfunction for A\ = f has constant sign, say f > 0,
since if f changes sign, then

MAN=NTIA = 1T A< WP < ITHIA = T

Moreover we can conclude that f > 0 since h > 0.
Third observation: fi, fo eigenfunction for A = f; = afs for some o # 0.

To see this assume that it is false and set

s() = {z €[0,1]: fi(z) — afo(z) = 0}], a >0,

where |E| denotes the measure of the set E. Here s(0) = 1, s(«) decreasing
and lim, . s(a) = 0. Also s(a) = 1 for a € [0, @] for some & > 0 since

11



f1, f2 € C(]0,1]) and f1, fo > 0 on [0,1]. Then there exists 0 < oy < ay such
that 1 > s(ap) > s(a;) > 0. *

This means that

fi(z) < apfi(x) on a set of positive measure

fi(x) > agfa(z) on a set of positive measure
but since also
fi(x) > ay fo(z) on a set of positive measure,
together with 0 < ag < ay and fo > 0 we see that
fi(x) > ag fa(x) on a set of positive measure.

Then f = fi — apfs is an eigenfunction for A (note that f # 0) that changes
sign. Contradiciton!

The statement follows.

)Tt cannot happen that 33 > 0 sth.

{s(a)zl for a<p

s(a) —0 for a>43 easy to see.

and if there exists a 3 > 0 sth
=1 for a<p
s(a) =0 for a>p

then f1 = B fs.

12



Lo6sningsskisser till tentamen i TMA401/MANG670,
2004-01-12

1. We will prove that

has a unique solution.

1. Determine the Green’s function for {

Set e(x,t) = ay(t) cosz + as(t) sinx, where e(t,t) = 0 and €. (t,t) = 1.
This gives e(x,t) = sin(z — t). The Green’s function takes the form

g(x,t) =sin(x — t)0(x — t) + by () cos x + be(t) sinx.
Here g(0,t) = g(5,t) = 0 for 0 <t < 7 implies that
g(x,t) =sin(x — t)f(z — t) — sinx cost =

—cosxsiny, x >1
—sinzxcost, x <t

We see that g(z,t) <0 for all z,t € [0, F].

2. Set
fo 2+u2()dt 0<z<3
u e C ([ 1)
The boundary value problem has a unique solution iff 7" has a unique
fixed point.
For u,v € C([0, §]) we get
: u(t) u(t)

|dt <

(Tu)(z) = (Tv)(z)] < /0 l9( 1)l

< {mean value theorem} <

24+ u2(t) 2+ 02(b)

1 [2 m
<5 [ loteplatu - vl < Tl vl

0

This shows that 7" is a contraction on the space C([0, 7]) and the conclu-
sion follows from Banach’s fixed point theorem.

2. Set T'f(z fo r+y)f(y)dy for f € L*([0,1]). T is bounded since

ITfl72 = / / z+y)f(y)dy|*dz < {Hélder} <
2 2 7 2
< [ [ ryraysige = i
0 JoO

13



and hence [|T|| < \/%.

To calculate ||T'|| we observet hat T is a compact, self-adjoint operator on the
Hilbert space L*(]0, 1]) and hence

1T = sup Al
A eigenvalue to 7

Note that T'f(x fo y)dy x + fo yf(y)dy is a polynomial of degree < 1
and hence A is an elgenvalue to T with eigenfunction ax + b if

Mazx +b) = /o (ay + b)dy x —i—/o y(ay + b)dy, x € [0.1].

ie.,
Aa=ia+b
Ab=sa+3b

This system has a non-trivial solution iff

:t% and so ||| :%—i-%.

We obtain the eigenvalues Aj = 3

. From problem 1 we can restate the problem as to show that the mapping,

H u(t) T
T = —_— <zr< —
u(x) )\/0 g(:ﬂ,t)2+u2(t)dt,0_:c_2,

for u € C([0, 3]), has a fixed point in C([0, 5]) for all A € R. For [)| large
enough we cannot refer to the Banach’s fixed point theorem since T is no
longer a contraction. Instead we can use the Schander’s fixed point theorem.

Fixa A € R.

Note that g(x,t) is a continuous function for 0 < z,¢ < 7 and f(u) = A
is a bounded function for u € R (note that A is fixed.)

2+u2
We will choose a closed convex set S C C([0,F]) such that the mapping
T :S — S is continuous and the image set T'(S) is relatively compact in

([0, 3]).
Take S = {u € C([0,3]) : [Ju|| < D}, where D is to be chosen such that
T(S) C S. Since g is continuous on the compact set {(z,y) : 0 < z,t < 7} it

is bounded on this set and so

sup [g(z, 1) f(u)| = E < o0
0<zt<3
u€eR

which yields |[(T

u)(z)| < §E for all € [0,3] and v € C([0,3]). Hence
T(S)cSif D=3ZE.

2

14



Now it remains to prove that T'(S) is relatively compact in C([0, 3]) and
TS — S is continuous. The first statement follows from the Arzela-Aschi
Theorem, since 7T'(S) is uniformly bounded and equicontinuous (the latter
follows from the uniform continuity of g on {(z,t) : 0 < z,t < 7}), and the
second statement follows from the uniform continuity of f(y) for —D < u < D
and the boundedness of g.

The existence of a fixed point for T" now follows from Schander’s fixed point
theorem.

(Remark: As a matter of fact one trivially observes that u = 0 is a solution to
the problem. However to treat the problem with the RHS in the differential
equation replaced by the original one +1 is harder but the method above yields
a solution.)

. See textbook.
. T : X — X, where X is a real normal space, is continuous and satisfies
Tx+y)=T(x)+T(y) for all z,ye X. (%)
We shall prove that
T(Ax) =AT(z) for all z€ X and A € R (%)
It follows from (x) that
e 7(0) =0 since T(0) =T(0+ 0) = 27(0).
e T'(nx) = nT(z) for positive integrs n since

Thx)=T@+n—1z)=T(x)+T((n—1)z)=...=nT(z)

Combining these observations we see that T'(A\x) = AT'(z) for all x € X and
A € Q. To prove (xx) we fix a A € R and an z € X and take a sequence
A € Q, n=1,2,..., such that \, — X\ in R. This implies that A,z — Az in
X. It also implies A\, 7' (z) — AT'(x) in X. Since T is continuous we conclude
that T(A\,z) — T'(Az) in X. But, T(A\,z) = A, T (x) — AT(x) in X and so

T(\x) = \T'(z)
The statement is proved.

. Let (x,)22, be an ON-basis in H and (y, )2, an ON-sequence in H such that
>0 e — yall* < 1. We shall show that also (y,)5°, is an ON-basis.

n=1

Set S = span{y, : n =1,2,...}. Then S is a closed subspace of H. It remains
to prove that S = H.

15



Assume that S # H. Then St # {0} and there is an z € St with ||z|| > 0.
We have
(x,yn) =0,n=1,2,...

since x € S+. Parseval’s formula yields

21> = |, ) ZI (z,20) = (2, yn)|” =
n=1

e}

Z (2, 2n — yn)|* < {Cauchy-Schwartz} <

o0

<Y el — yall < 2]l
n=1

This yields a contradiciton and hence S = H.

16



Kortfattade 16sningsskisser till tentamen i TM A401/MANG70,
2003-08-30

Problem 1
We will prove that

u(z) — u(z) = A2 € (0,

1+u?(x)’ 1>
u(0) — v/ (0) + u(1) = u(0 )+u(0)+2u’(1) =0
u e C?

has a unique solution for |A| small enough.

1. Determine the Green’s function g(z,t) for

{u”—u:F r € (0,1)
u(0) —u'(0) + u(1) = u(0) + u/(0) + 2u/(1) =0
Set oo, (standard calculation) .............
2. Set )
(Tu)(x) = /0 g(x,t) - )\% dt, 0 <z <1
u € C0,1]

The boundary value problem has a unique solution iff 7" has a unique fixed
point. For u,v € C|0, 1] we obtain

|(Tu)(x) — (Tv)(z)| < ...... (standard calculations)..... < C(A)||u — v||s-

This shows that 7' is a contraction on the Banach space C[0, 1] provided
C'(X) < 1 and the conclusion follows from Banach’s fixed point theorem.

Problem 2

The solution is a straight forward application of the Gram-Schmidt process and we
only refer to the textbook for more information.

Problem 3
We have to show that the ON-sequence (u,)5°; in L*(]0,1]) is complete if

Z |/ (t)dt|* = & for all z € [0,1] (1)

Formula (1) can be reformulated as

o

Z |<X[0,x}aun>|2 = ||X[0,r]||2 for all z € [O> 1]>

n=1

17



where

Xl(t):{(l) i;§ ;

1 “rr
<X[0,x},un> = / X[O,m](t)un(t)dt = / un(t)dt
0 0

1 x
Ixomll® = / o (1)t — / gt —

To show that (u,)2, is complete it is enough to show that

since

and

Y1 fun) P = | f|P for all f € L*([0,1]). (2)

Here it suffices to show that (2) is true for a dense set A in L*([0, 1]), since if fr — f
in L? and (2) is true for fi, k= 1,2,..., then we have

0 < IfIP = [ frun) =
n=1

= I(f = fi) + Full> = DU = fi) + forua) P <
<F = fill® 20Ul L = fell + 1 fll*~
= = Fron) + (Froun)) (= i tn) + (Frr tn)) =

= |If = fel® 20 fll - IF = Fell® + D 1 e ua) P~
n=1

= (U = fior un) P+ 2Re(f — fo, wn) (Fior tn) +
n=1

+ [ {fi, un)l?) <
< = full® 42017l 1L = foll +11F = fill*+

S = Feouwa] - [{fis un)] <

<30F — l + 2050 1F - Al

F O — o und PV o)) <

<3 = Ful 2l 1 Sl + 1 = Sl el = 0

as k — oo. Here we have used that supy || fx]| < oo, which follows from f;, — f in
L?, and repeatedly applied Bessel’s inequality.

Now we take A to be the set of all finite linear combinations of x;, where the I:s
are subintervals of [0,1]. Then A is dense in L2([0,1]). Set g = S~ | axxy, where
the intervals I; are pairwise disjoint subintervals of [0, 1] and a;, € C.

18



We know that (2) is valid for f = xjo4]. It remains to show that:

o [ = X[y satisfies (2)

e f, g satisfies (2) and have disjoint support implies that any linear combination
of f, g satisfies (2).

Fix 0 <y <2 < 1. We note that

Ix0.91% = > 1{xt0.0], tin)
n=1

X l* = (X0, wn) 1> (3)
n=1

This yields
I?

||X[y,w} =r =Yy

and

oo

> Xy un) * =
n=1

I
NE

[(X[0.2] — X[o,g]s Un)|* =

3
Il
A

I
WE

[(X[0.0]> n) = (X(0a7> tn)|* =

3
Il
—_

[
NE

| (Xto.a) tn) >+ D (X075 tn) =
n=1

3
Il
—

—2Re Z(X[O,x}a un> <X[O,y}7 un> =

n=1
=+ Yy — 2Re<X[0,x]a Z(X[O,y]a un>un> = (') =
n=1

=2 +y — 2Re(X.a), Xjo)) = T + ¥ = 2lxp0y /> =2 — y.
Note that at (!) we have used the fact

e e}

X[O,y} = Z(X[O,y]7 un>un

n=1

which follows from (3).

We have thus found that yp, . satisfies (2). To prove the second statement we have
to do similar calculations (do it yourself!!!) and the full statement that g € A implies
g satisfies (2) follows by induction over N (see the expression for g above).

Problem 4 & 5 & 6

See the textbook
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Forslag till l6sningar till tentamen i TMA401/MANG670,
2003-05-31

Problem 1

We will prove that

u'(z) + /' (z)
u(0) =u(1) =

ueC?

has a unique solution.

= arctanu(z?), x € (0,1)
0

" ’
1. Determine the Green’s function for { Z O_I)_ﬁ -

F
(0) =u(1) =0
Set e(x,t) = ai(t) + az(t)e™ where { e(t,t) =0

() =1 This gives e(x,t) =1 —
e!=®. The Green’s function takes the form

x € (0,1) :

g(z,t) = 0(x — t)(1 — ") + by (t) + ba(t)e ™.
Here g(0,t) = ¢g(1,t) =0, 0 < ¢t < 1 implies

Hence g(z,t) = 0(z—t)(1—e"*)+ eet__l
that g(z,t) <0 for all z, .

2. Set
1

g(z,t) arctanu(t®)dt, 0 <z <1

@m@»z/
u € C0,1] ’

The boundary value problem has a unique solution iff 7" has a unique fixed
point. For u,v € C|0, 1] we obtain

1

(T0)(w) — (T0)@)| = [ lof. 6| arctanu(r) - axctan )| de <
0

< {mean value theorem} <

sAmmmwﬂ—wﬂWS
</X—ﬂawwmm—wu.

—Jo

Vi note that (small calculation)

/0 (—g(x,t)dt = max (—x +

e oy
fax, 6_1(1—6 )=c<1
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and hence
|Tu —Tv||oo < cflu —v]|o.

This shows that 7" is a contraction on the Banach space C[0,1] and the con-
clusion follows from Banach’s fixed point theorem.

Problem 2

Let T, H, (e,)52, and (f,)>2, be as in the formulation of the problem. We note
that since (e,)52; is an ON-basis for H we have

fo=2021(fn,er)er, n=12 ...
and since 7' is continuous we get
Tl =X2(foex)Ter, n=12 ...
This yields

Yoty HTfn||2 = 2?21221122’21<fm 6k> (Tek, Tel) <fna 6l>-

and since the series is absolutely convergent we can change the order of summation.
Observing that

Z?f:l(fna 6k><fn> 6l> = <Z’$LO=1 <6la fn>fn> 6k> = <6la ek)

we have

Sas T full* = S22y I T ).

Moreover x = X2 | (x, e,)e, implies Tx = X2 (x,e,)Te, and

[T = (1355 (2, en) Tenl| < 352, (2, en) || Ten]] <

(SIS

1 oo 1 .
< (S5 [, en) )2 (S0 [ Tenl?)? = [l (252, [ Tenl?)

by Parseval’s formula. Hence we get

ITI* < S5 [ Tenl

Problem 3 Let

for f € L*(R,). We observe that M f(z) € R for z > 0. Moreover for every
continuous function f with compact support in {z € R: z > 0} we note that

[e's) 1 t
/ t—2</ F(s)|ds)?dt < oo
0 0
and that

s < [ [ relasra = ([ irelasrize [ [l o s
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<ove([ 2 [ nerast

i.e. we get
IMAN < 2[£]-

Now we recall that the set of continuous functions with compact support in {z €
R: 2 > 0} is dense in L?*(R,) and from the inequality above we get that M f € L?
for every f € L? and that ||[M]| < 2, and in particular that M is bounded. A
straight-forward calculation show that

M*f(x):/m%f(t)dt, v >0

T

and that
11 = M)fIIP =[£I
for all f € L% From this it follows that

I — M| = 1.

Problem 4 & 5
See the textbook

Problem 6 We want to show that there exists a C' > 0 such that for every y €
R(I +T) there exists a x € X with (I + T')x = y satisfying
[zl < Cllyll.
First we fix ay € R(/ +T') and set
d(y) = inf{|[z[| : (I + T)x = y}.

Claim: There exists an £ € X with (I +7T)Z = y such that ||Z|| = d(y). To see
this take a sequence (x,)7°, with (I 4+ T")x,, = y such that ||z, || — d(y). Since this
sequence is bounded there is a converging subsequence of (T'z,)%2 ,, let this still be

n:l7

denoted by (T'z,)%,, converging to say z € X. Here we used the fact that T is

n=1’
compact. But then z, — y — 2z in X and hence ¥ = y — z has the desired property.

Now assume that there is no C' > 0 with the property above. Then there are
sequences (1,)°2; and (y,)°2, satisfying (I + T')z,, = y,, such that

[
1Yl

Since T is linear we can without loss of generality assume that ||Z,] = 1 for all n.
Since T' is compact there exists a converging subsequence of (7'Z,,)2 ;, call it still

n=1>
(T'Z,)52, converging to say v in X. We also have

T, — —v In X.

But since ||y,|| — 0in X (||Z,|| = 1 for all n) and since T is continuous (7" is compact
linear) we obtain v = —T'w. By the definition of Z,, this yields a contradiction since
(I +T)(Z, —v) =y, and

[Zn = vl = [JZn] = 1

is valid for every n. The conclusion in problem 6 follows.
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Forslag till l6sningar till tentamen i TMA401/MANG670,
2002-08-21

Uppgift 1
Givet X
Af) = [ @ f)dy 0<a<1,
0

dvs. A dr en integraloperator pa Hilbertrummet L?([0,1]) med kirnan k(x,y) =
x — y. Den adjungerade operatorn A* &r da ocksa en integraloperator men med
kiirnan k*(x,y) =y —x =y — x. Vi far for f € L*([0,1]) att

A*Af(x) = / (v — 2)Af(y) dy = / (v — ) / (y— 2)f(2)dz) dy =

- [ ([ w=ow-2amsea= [ G-+ +aree

dar vi anvant Fubinis sats.

For att berdkna ||A|| noterar vi att A*A &r en sjdlvadjungerad kompakt operator
och ||A]| = /||A*A||. Vidare giller for en sjialvadjungerad kompakt operator att
dess norm &r lika med det storsta reella tal som &r absolutbeloppet av ett egenvérde
till operatorn ifraga. Vi noterar att A*Af(x) = a(f)z +0(f) dir a(f),b(f) ar reella
tal som beror pa f € L*([0,1]). Féljdaktligen har egenfunktioner till A*A formen
e(r) = ax + b varfor vi ansétter

A*Ae(z) = de(x), e(x)=ax+0D.

En liten kalkyl ger

a b

— — = 11 1

12x—|— 15 Aazx +b), allax € |0,1],
dvs det enda egenviirdet A # 0 &r -. Vi har alltsa [|A]| = /.
Uppgift 2

Vi ska visa att

—u'(x) =2+ 1++2(r)’ z € (0,1)
u(0) =u(l)=0

ueC?

har en entydigt bestdmd l6sning.

u' =F ze(0,1)

1. Greenfunktioen till { w(0) = u(t) = 0
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Antag e(x,t) = ay(t) + ax(t)e™™ uppfyller { e( t)t

t, .
e (1 1) = . Detta ger e(z,t) =

x — t. Greenfunktionen ges av
g(@,t) =0(x — t)(x — ) + ba(t) + ba(t) —
Villkoren ¢(0,¢) = g(1,t), 0 <t < 1 ger

bi(t) =
bo(t)=t—1,0<t <1.
Alltsa g(z,t) =0(x —t)(z — t) + (t — 1)x. Vi noterar att g(x,t) <0 alla z,¢.
2. Satt .
T = — 24— <xr<1
(Tue) = = [ o2+ )t 0< 0 <

u € C0,1]
Det ursprungliga problemet har en unik 16sning omm 7" har en unik fixpunkt.

For u,v € C0, 1] géller
1

|(T“)( ) — (Tw)( |_/ 9 1+u2(t) IR
(u(®) +v(t))(u(t) —v(t))
< ] |g(I,t)|| (1+u2(t))(1+v ( ))

! u(t) + o) .
< [ ot Dl st = ol

|dt <

| dt <

a+b

Vi noterar att \W| <3135 ] + 525 ] < 1 for alla reella tal a,b samt
att
gt dt < gnax (1 ) =
0 I, = 02212 =
vilket ger

1
1T = Tvlloo < gllu = vllee.

Detta visar att 7" ar en kontraktion pa Banachrummet C[0, 1] och pastaendet
foljer fran Banach fixpunktssats.

Uppgift 3

Hilbert-Schmidts sats ger
0 < (Tz,x) = I\|(z,e) 2

diar \; > 0, e;, 0 =1,2,..., betecknar egenvérdena respektive motsvarande normer-
ade egenvektorer till operatorn 7. Lat n vara ett fixerat positivt heltal > 1 (om
n = 1 dr pastaendet trivialt sant). Holders olikhet med exponenterna n och n*, dar
1= % + #, tillsammans med Hilbert-Schmidts sats ger

0 < (T, x) < (SN |(w, e)[7™) Y™ (Sl (a, e)|Gmm ) = (T, )V - ||| 20D/,

Uppgift 4 & 5
Se kursboken.
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Forslag till l6sningar till tentamen i TMA401/MANG670,
2002-06-01

Uppgift 1
Givet X
Af) = [ @ f)dy 0<a<1,
0

dvs. A dr en integraloperator pa Hilbertrummet L?([0,1]) med kirnan k(x,y) =
x — y. Den adjungerade operatorn A* &r da ocksa en integraloperator men med
kiirnan k*(x,y) =y —x =y — x. Vi far for f € L*([0,1]) att

A*Af(x) = / (v — 2)Af(y) dy = / (v — ) / (y— 2)f(2)dz) dy =

- [ ([ w=ow-2amsea= [ G-+ +aree

dar vi anvant Fubinis sats.

For att berdkna ||A|| noterar vi att A*A &r en sjdlvadjungerad kompakt operator
och ||A]| = /||A*A||. Vidare giller for en sjialvadjungerad kompakt operator att
dess norm &r lika med det storsta reella tal som &r absolutbeloppet av ett egenvérde
till operatorn ifraga. Vi noterar att A*Af(x) = a(f)z +0(f) dir a(f),b(f) ar reella
tal som beror pa f € L*([0,1]). Féljdaktligen har egenfunktioner till A*A formen
e(r) = ax + b varfor vi ansétter

A*Ae(z) = de(x), e(x)=ax+0D.

En liten kalkyl ger

a b

— — = 11 1

12x—|— 15 Aazx +b), allax € |0,1],
dvs det enda egenviirdet A # 0 &r -. Vi har alltsa [|A]| = /.
Uppgift 2

Vi ska visa att

—u'(x) =2+ 1++2(r)’ z € (0,1)
u(0) =u(l)=0

ueC?

har en entydigt bestdmd l6sning.

u' =F ze(0,1)

1. Greenfunktioen till { w(0) = u(t) = 0
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Antag e(x,t) = ay(t) + ax(t)e™™ uppfyller { e( t)t

t, .
e (1 1) = . Detta ger e(z,t) =

x — t. Greenfunktionen ges av
g(@,t) = 0(x — t)(x — ) + ba(t) + ba(t) —
Villkoren ¢(0,¢) = g(1,t), 0 <t < 1 ger

bo(t) =t—1,0<t<1.

Alltsa g(x,t) = 0(x —t)(x — t) + (t — 1)x. Vi noterar att g(x,t) <0 alla x,t.

. Satt

(Tu)(x):—/o g(x,t)(2+1++2(x))dt, 0<z<l

u e C0,1]
Det ursprungliga problemet har en unik 16sning omm 7" har en unik fixpunkt.
For u,v € C0, 1] géller

1
[(Tu)(z) = (Tw)( |_ﬂ/|g 1+u%ﬂ__1+v%ﬂ

() (u(t) — ()
/'9“” [+ @)1+ 2wy s

u(t) + ()
< [ lote 0l g Ot~ ol

|dt <

a+b

Vi noterar att |m| < 2|1+a2| + 2|1+b2| < 1 for alla reella tal a, b samt
att
< 21—
/ 9. t)| dt < gnax 5(1 = 2) = g
vilket ger

1
T = Toloc < <l = vl

Detta visar att 7" &r en kontraktion pa Banachrummet C[0, 1] och pastaendet
foljer fran Banach fixpunktssats.

Uppgift 3

Lat T vara en avbildning pa ett normerat rum X som uppfyller féljande villkor: Det
finns ett reellt tal C' och ett reellt tal @ > 1 sadana att

IT(x) =T ()l < Cllz —y[|*, allaz,y e X.

Vi ska visa att T'(z) = T'(o) for alla z € X.
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Fixera ett godtyckligt € X. Sétt 6 = ||T'(z) — T'(0)||. Fixera ett positivt heltal n
och sitt z, = %x e X for k=0,1,2,...,n. Da giller

0= |T(x,) = T(xp-1) + T(xp_1) — ... = T(x0)|| <
< ST (k1) — Tlaw) || < CEpZgllanss — @l =

=Cllz||* -n*' —= 0, n— oco.
Detta medfor att 6 = 0 och pastendet i uppgiften ar visat.
Anm: Om T : R — R uppfyller
T(z) = T(y)| < Clz —y|*, allaz,y € R

sa giller att

lim |T(1’ +h)—T(x)

—0/=0, allaze R
0£h—0 h

dvs. T &r en deriverbar funktion med derivatan = 0 fér varje z € R och alltsa &r T’
en konstant funktion.

Uppgift 4 & 5
Se kursboken.
Uppgift 6

Lat T vara en sjalvadjungerad operator pa ett Hilbertrum H for vilken 7™ &r kom-
pakt for nagot heltal n > 2. Vi ska visa att T dr kompakt.

Vi noterar att 7' sjdlvadjungerad innebédr (per definition) att 7" &r en begridnsad
operator. T #r kompakt om vi kan visa att 7% kompakt implicerar att 7! #r
kompakt for godtyckligt heltal & > 2.

Antag nu att T* dr kompakt for fixt k& > 2. Lat (z,)°°, vara en begrinsad foljd
i H, dvs det finns ett reellt tal M siadant att ||z,|| < M for alla n. Da T* &r
kompakt finns det en delféljd (z,,) av (x,) fér vilken (7%, ) konvergerar i H. D4
konvergerar ocksa (1% 'z, )i H eftersom

||Tk_1xpn - Tk_lxpm||2 = <Tk_1(xpn — Tp,,), Tk_l(xpn —Tp,,)) =
= <Tk_2(xpn - xpm)7 Tk(xpn - xpm)) S
S HTk_2(xpn - xpm)” ’ ||Tk'rpn - Tk'rpmH S

<NT*2N - g, = @l - (1T 2, — Ty, || <

< 2T M - | T*xy, — Ty, )|

-~

Vo
<00 —0, n,m—o0
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och varje Cauchyfsljd i ett Hilbertrum konvergerar. Detta medfor att 7%~1 &r kom-
pakt och pastaendet i uppgiften ar visat.

28



Forslag till 16sningar till tentamen i TMA400, 2001-05-30

1. A &r integraloperator med kdrnan a(z,y) = e**¥ cos(x + y), dir a € C([0, 7] x
[0, 7]) och a(z,y) = a(y, z).

a)

Banachrummet C[0, 7] : For u € C|0, 7] géller
| Au(z)| < / "] cos(x + y)ldyllulle = 1(x)ulloo, = € [0, 7],
0

dar I € C[0,n]. Alltsa ||Al] < maxgeon{(x) = I(x) for nagot zy €
[0, 7). Vidare géller I(xy) = lim Au,(x) dér

+1 da min(|z + o — 5|, |z + o — &|) > L & cos(z + x9) > 0
un(z) =4 —1da min(|z + zo — Z|, |z + 20 — &F|) > L+ & cos(z + x0) <0

till beloppet < 1 och kontinuerlig for 6vrigt

Hér approximerar w,-funktionerna funktion sign(cos(zg + -)). (Liten)

kalkyl ger I(xo) = I(Z) = 1(eF +¢3).

Banachrummet L?[0, 7| : Da L? &r Hilbertrum och A &r sjilvadjungerad
géller
| Al| = sup{|A| : A genvirde till A}.

Da Au(x) = [ e”-e¥(cos x cosy—sinz siny)u(y)dy = ae” cos x+be” sin x
fas egenvirdena A som losningar till A(ae® cos x+be” sin x) = A(ae® cos z+
be* sinx) for |a| + |b] > 0, dvs

(é— A )a—ébzo

8 e2m—1 .
vilket ger A = £(e*™ — 1)——.
8 8  e2r _1/)
Detta ger ||A]| 5 (627r 1)
T = — — .
& 32
Svar:
1, 3« x
| Al cro,m—clo = 5(6 2 +e?)
) 21
Al L2jo,71— L2j0.7] = 5(2 -1)

Dessutom &r A kompakt operator betraktad som operator C[0, 7] —
C|0, 7] och L?[0, 7] — L?[0, w|. Detta foljer av

|Au(z1) — Au(z,)]* < / a1, y) — alza, ) Pdyl|ull 220,
0
Arzela-Ascoli sats och inbaddningen ||ul|z2p0.,1 < /7 ||| cpo,7)-
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2.

4. & 5.

Berékna greenfunktionen g¢(z,y) till differentialoperatorn Lu = u” — u med
randvillkoren Ryu = u(0) = 0, Ryu — u(0) = 0.uy(x) = €*, ua(x) = e &r en
bas for N'(L) och ansittningen 6(x,t) = aq(t)uq(x) + az(t)uq(x), dér e(t,t) =
0,e.(t,t) = 1, ger fundamentallosningen e(x,t) = sinh(x — ¢). Vi noterar att
g(z,t) =e(x,t)0(x —t)

satisfierar randvillkoren for ¢t € (0,1). Alltsa ges 16sningen till Lu = f, Ru =
(Ryu, Ryu) =0 av

1 T
u(z) = / sinh(z — t)0(z —t) f(t)dt = / sinh(z — t) f(¢)dt.
0 0
Definiera nu
T:Cl0,1] — C]0,1]
enligt Tu(x) = — [; sinh(z—t)
da integranden € C(]0, 1] x |0,

[Tu(e) = Tole)] =I5 [ sinh(e = () = ()] <

xT

1+ (u(t?)))dt, som ér en kontinuerlig funktion
). T &r en kontraktion da

1
sinh(z — t)dt||u — v||e = i(coshx — D]ju — vl <

(e—1)°

1

2 Jo

(e —1)°
2e

Banachs fixpunktssats ger existens av entydigt bestamd fixpunkt, vilken ocksa
ar den entydigt bestdmd l6sningen till differentialekvationsproblemet.

IA

< 1.

||t — v]|s eftersom

. Antag att det finns S, T € B(E) sadana att ST — T'S = I. Detta medfor att

TST —T2S = T = ST? — TST vilket ger 2T = ST? — T?S. P.s.s. foljer
nT" ! = ST™ —T"S for alla positiva heltal n. Vidare fas da ||AB|| < || Al||| B]|
for alla A, B € B(E) att
T < ASIITIHT =+ 1T TSI n=2,3,.

Da ||S]], [|T|| < oo foljer att ||[T|| = 0 for n tillrickligt stort, dvs Tt =
0 € B(E) for nagot positivt heltal.

Men nT™! = ST™ —T"S tillimpad pa n = ng,ng—1,...,2 ger T' = 0. Detta
motsdger att ST —T'S = I. Alltsa saknas S, T € B(e) med egenskapen ovan.

Kursboken...

. Antag T' € B(H) normal och x € H. Da giller

|Tx||* = (Tx, Tx) = (T2, z) = (TT*x,x) = (T*x, T*z) = | T*z|”
och || Tx|| = ||T*x| foljer. a) visad.

Av a) foljer att N'(T) = N (T*) for alla normala operator 7' € B(H). Fixera
att A € C. Da &r Al — T normal om T &r normal ty (Al —T)* = A\ —T* och

M =TYAN=T*) = [N\PLI-NT*~\NT+TT* = {TT* =TT} = (\[-T*)(\-T).

Alltsa giller N(A —T) = N(AM —T*) dvs b) visad. Alternativt kan man bara
“rikna pa” fran ||T*z — \z||%.
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Forslag till 16sningar till tentamen i TMA400, 2000-05-30

Uppgift 1
Givet Af(z) = f027r cos(z —y) f(y)dy, 0 < x < 2.

A &r en begrénsad linjar operator pa C[0, 27]: Linjériteten trivial (men bor visas).
Begrinsningen av A foljer av

Af(x)] = | / " cos( — ) f(y) dy] < / " Jeos(z — )| £ ()] dy <
° ° <1 <IIfl

< 27| fl oo,
dér || flloo = SUP,ejp2q |f ()] Alltsa foljer

[Aflloo < 27| f oo,

vilket medfor ||A|| < 2.

A #r en begrinsad linjér operator pa L?[0, 27]: Linjériteten trivial som ovan. Begréins-
ningen av A foljer av

| iar@par< [ eosta =il anran <
< {Holders olikhet} <

27 27 27
< / </0 |cos<x—y>|2dy></0 F@)Pdy) dr < 47| £ |2,

dér || fllee = (77 | f(y)]> dy) /2. Alltsa foljer

[Af N2 < 27| fl 2,
vilket medfor ||A|| < 2.

HA||C[0,2W}_>C[0,27T] = 4: Vi noterar att

21 21
1Al mi—cio2m) < / |cos( — 4)| dy = / | cos(y)| dy = 4.
0 0

For n = 1,2,..., lat f, vara kontinuerliga funktioner pa [0,27] som uppfyller
| fulle = 1 och dessutom = 1 pa intervallen [0, % — ] U[3F + +,27] och = —1 pa
intervallet [Z + £, 3% — 1] (hir kan f, t.ex. viljas som styckvis linjéra funktioner).
Da géller

Afn(0) <4
samt

21 2 4
Afn(O)Z/ cos(u)]dy—2- 2 =4~
0

)

n
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vilket visar pastaendet ovan.

| Al z2[0,27]£2]0,2.] = 7: Vi noterar att A &r en kompakt sjdlvadjungerad operator
pa Hilbertrummet L?, varfor ||Al|rzp2x—r202- = sup{|A| : A egenviirde till A}.
Eftersom Af(z) = acosx + bsinz, dér a,b € R beror pa f, ges varje egenfunktion
pa denna form. Liten kalkyl ger att A ar ett egenvérde till A om ekvationssystemet

A(acos(+) + bsin(-))(x) = M acos(x) + bsin(z))
i a,b har en icke-trivial 16sning, dvs om \ = 7.

Uppgift 2
Vi har f € C[0,1], A € R, dér |A| < e(e — 1), och ska visa att
u'(x) +u'(2) + Mu(z)] = f(z), © € (0,1)

u(0)=u(1)=0
ue C?

har en entydigt bestdmd 16sning.

u'+u =F ze(0,1)

1. Greenfunktioen till { w(0) = u(t) = 0

Antag e(z,t) = a1(t) + az(t)e™™ uppfyller { . Detta ger e(z,t) =

1 — e'*. Greenfunktionen ges av
gz, t) =0(x —t)(1 — ™) + by (t) + by(t)e ™.
Villkoren ¢(0,t) = g(1,¢), 0 <t < 1 ger

bi(t) + ba(t) =0
T—e™ +b1(t) + be(t)et =0,0<t < 1.

Alltsa g(x,t) = 0(z — t)(1 — €'7%) + £ + <S¢, Vi noterar att g(z,t) <0
alla x,t.

2. Sétt .
(Tu)(x) = / 9@, t)(f(t) = Alu(t)])dt, 0 <z <1
u e C[0,1] ’
Det ursprungliga problemet har en unik 16sning omm 7" har en unik fixpunkt.

For u,v € C[0,1] géller
[(Tu)(2) = (Tw)(2)] = I/O g(z, Y(AJo(t)] = Alu(t)])di] <
< W/O lg(z, O)[[[u(®)] = Jo(B)]|dt < W/O |9z, t)|dt]|u — vl[o
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Satt j(x fo lg(z,t)|dt. Har dr j(z) =
j=-1 med randvillkoren j(0) = j(1) = t
med e = 00 57) = 2 +1a(1 = 3) < 4~ = b

Harav foljer ||Tu — Tvl|e < e(‘e)" |t — ]|, och Banach fixpunktssats medfor
att T har unik fixpunkt om || < e(e — 1).

Uppgift 3

Givet avbildningen

1
T(x1,29, . Tyy...) = (1’1,—(:51+x2),...,g(a:1+...a:n),...).

2
Visa att

1. T : ¢?> — (2 &r en begrinsad linjir operator

2. T ej ar surjektiv

Linjariteten hos T &r trivial.

T begrinsad operator: Tagx = (21, Za, ..., Zn,...) € (* och betrakta || T'%||%. VLOG
kan vi anta att x,, > 0 for alla n.

1 1
1 T%)|% :x%—l—ﬁ(x1+x2)2+...+ﬁ(x1+...xn)2—|—...:

1 1
_ [e%) 2
=Y+ e

o o ]‘
+ Zkzlzj:k_i_lQl'kl'j(F + m + .. )

o)+

Vidare géller

vilket ger

1
T2l < 2lxl7 + 2532, 552 j=h1 TR =

2 00 T
§2HXH42+42 E] 1]{;_'_;
Dessutom har vi
0o ywo LETj 00 12,k 174 172, \1/4
SRSt = S SR () PO H () ) ) <
< {Holders olikhet} <
o oo 1 kf12212 o woo LT 172 ov1/2
(Ek12g1k+()/ )/(E 2j1k+j(k)/xj)/'
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Har ar

Ek:12j21m(3>1/2xz = Ekzﬂi Ejzlk _|_j(3>1/2
dér
1k * 1 k x
2‘?3——1/2</——1/2d= ==

< 1 1
= _ d’y = C’
/0 L+y\y
med C oberoende av k. Foljdaktligen géller

2 2 L < Olx||2

=k 4
vilket medfor att ||7%[/,2 < v/2 + 4C|%|| 2.
T ej surjektiv: Vi noterar att T : 2 — (2 #r injektiv, dvs Tx; = Ty = % = %9,

och begriansad. Om T &r surjektiv sa ger den inversa avbildningssatsen att 7! &r
en begrénsad linjar avbildning. Satt

Yo = (0,0,...,0, 1 .,0,...).

plats n

Da géller ||y,|lzz = 1 och

T 'y, =(0,0,...,0, . n_ ,...),

plats n
dvs ||Ty,nll2 > n, for alla n. Detta medfor || T = oo, vilket ger en motsiigelse.
Alltsa T &r ej surjektiv. (Alternativt kan man notera att f6ljden
1 1 1
=(1,0,—=,0,=,0,—=,0,...) € ¢*
y = ( 7050, —= )

medan den enda sekvens x sadan att Tx =y ges av

zx=(1,-1,1,-1,1,—-1,...) € %)

Uppgift 4 & 5
Se kursboken.
Uppgift 6

Lat T vara en begrinsad linjar operator pa ett Hilbertrum H med ||7']| = 1. Antag
att Txyg = xo for ett 9 € H. Ska visa att Tz = xg.

Betrakta
| T*xg — 0||? = (T* w0 — 20, T* 20 — T0) =
= || T2 ||* = (T* w0, x0) — (2o, o) + [|lzo|* =
= [|T*w0|* — (w0, Two) — (T'xo, o) + [|z0]|* =
= 17"z = lzol* < (171> = 1)[lol|* =
= (T = Dllwo|* = 0.
Alltsa géller T*xq = xy.
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