Mathematics Chalmers & GU
TMA372/MMGS800: Partial Differential Equations, 2012—03—-05; kl 8.30-12.30.

Telephone: Oskar Hamlet: 0703-088304

Calculators, formula notes and other subject related material are not allowed.
Each problem gives max 6p. Valid bonus poits will be added to the scores.
Breakings: 3: 15-20p, 4: 21-27p och 5: 28p-  For GU studentsG:15-24p, VG: 25p-
For solutions and gradings information see the couse diary in:
http://www.math.chalmers.se/Math/Grundutb/CTH/tma372/1112/index.html

1. Prove the interpolation error estimate: f = 71 f Lo (@) < Cilb— a)?||f" ]| L (art)-

2. Prove an a priori and an a posteriori error estimate, in the H'-norm: |[ul| g = [|u/||1,(0,1), for
the ¢G(1) finite element method for the following convection-diffusion-absorption problem

—u"(z) + 22u/ (z) + u(z) = f(x), for z€(0,1) and wu(0)=wu(l)=0.

3. Consider the heat equation in Q x [0,7] C R? x RT, (u = u(z,t)),
uw—Au=f t>0; u(z,t) =0, x€09Q, and u(z,0)=ue(z), x€q.
Use the Poincare inequality (Vu, Vu) > al|u||?, @ > 0, and prove the following stability estimate

2 t 2 2 l t S 2 S w\Ss 2.= w\xr, S 2 X
@I + o [ ()P ds < ol + 5 [ 1r@IFds, IR = [ o) o

4. Compute the stiffness and mass matrices as well as load vector for the cG(1) approximation for

—cAutu=1, z¢€ u=0, z€dQ\(T1UTly), Vu-n=0, xel1UTly,
where € > 0 and n is the outward unit normal to 91, (obs! 3 nodes Ny, Ny and N3, see Fig.)
Hint: You may first compute the matrices for a standard triangle-element 7.
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5. Formulate the Lax-Milgram Theorem. Verify the assumptions of the Lax-Milgram Theorem and
determine the constants of the assumptions in the case: I = (0,1), f € Lo(I), V = H'(I) and

av,w) = /I<uw+v'w'>dz+v<o>w<o>, L(v) = / fode. ll® = [l + 10,0
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TMA372/MMGS800: Partial Differential Equations, 2012—03—-05; kl 8.30-12.30..
Losningar/Solutions.

1. See Lecture Notes or text book chapter 5.

2. We multiply the differential equation by a test function v € Hg(I), I = (0,1) and integrate
over I. Using partial integration and the boundary conditions we get the following variational
problem: Find u € H}(I) such that

(1) /(u’v’ + 2zu'v + wv) = /va, Vv € Hy(I).

I
A Finite Element Method with ¢G(1) reads as follows: Find U € V}? such that

(2) /(U’v’+2xU'v+Uv):/fv, Vv e Vi) c Hy(I),
I I

where
V¥ = {v : v is piecewise linear and continuous in a partition of I, v(0) = v(1) = 0}.

Now let e = u — U, then (1)-(2) gives that

(3) /(e’v’ +2ze'v +ev) =0, Yue VP
I

A posteriori error estimate: We note that using e(0) = e(1) = 0, we get

(4) /12166’6:/[:6%( /e = /

so that using variational formulation (1) to replace the terms involving continuous solution u and
the finite element method (2) to insert the interpolant 7pe of the error we can compute

llell3: = /ee —/e/e + 2ze’e + ee)

_ /I((u— UYe +22(u—UYe+ (u—Ue) = {v = e in (1)}
(5) / fe— / (U + 220" + Ue) = {v = mpe in (2)}
/f e — mhe) / (U7 (c — mne)! + 220" (c — mae) + Ule — mac)
_ {P.I. on each subinterval} — /1 R(U)(e = mre),

where R(U) := f — 22U’ — U, (for approximation with piecewise linears, U” = 0, on each subin-
terval). Thus (5) implies that

lellF < IRR@)[12™" (e = mne)]
< Gil[RRU) €]l < CillARU) llell e
where Cj; is an interpolation constant, and hence we have with || - || = || - ||z, (1) that

el < CillR(U) |-
1



A priori error estimate: We use (4) and write

lell2: = /ee—/ee + 2ze’e + ee)

—/I(e/(u U) + 2ze (u—U)—!—e(u—U)):{v:U—ﬂ'huin(?))}

= / (e’(u —mpu) + 2xe’ (u — mhu) + e(u — whu))
I
< N (uw = mnu)|lle’} + 2llu — maull[le']] + llu — mnul el
< {Cu =)'l + 3flw = waul| el
< Gl || + [Ru” | Hlel o,
where in the last step we used Poincare inequality. This gives that
lellm < Cofllpa”|l + [|h2u" |},
which is the a priori error estimate.

3. Multiply the differential equation by w(z,t), integrate over the space domain. Then using the
Green’s formula and the Poincare inequality we get

lll® + afull®.

N =
&|g‘

(fv u) = (1.1‘7 u) + (VU, Vu) 2
Now

11 2 2 1 2 2
Vaeu)| < o (= 2ellull?) = - .
(Vo] < 5 (1P + 2ehul?) = 12+ <l
With € = a/2 we get
1 d
12+ allull® = 2l + 2a]ull.

Integrating in time yields
2 2 K 2 1 K 2
M@H—Mﬂ+ﬂAHM®H%SEAHﬂ$HM

4. Let V be the linear function space defined by
Vi :={v:v is continuous in Q, v =0, on 9N\ (I'1 UT)}.
Multiplying the differential equation by v € V' and integrating over {2 we get that
—(Au,v) + (u,v) = (f,v), YveV.

Now using Green’s formula we have that

—(Au, Vv) = (Vu, Vo) — /89(11 -Vu)vds

= (Vu,Vov) — / (n-Vu)vds — / (n-Vu)vds
89\ (T'1UT,)

I ul'y

= (Vu, Vv), Yv e V.
Thus the variational formulation is:
(Vu, Vo) + (u,v) = (f,v), YoeV.

Let V}, be the usual finite element space consisting of continuous piecewise linear functions satis-
fying the boundary condition v = 0 on 9\ (I'; UT'3): The ¢G(1) method is: Find U € V;, such
that

(VU, Vo) + (U,v) = (f,v) Yo eV,
2



Making the “Ansatz” U(z) = Z;’:l & (x), where ; are the standard basis functions, we obtain
the system of equations

3
ij(/ Vi -V, d:v—i—/ PiPi d:v) = [ fe;jdx, i=1,2,3,
= Q Q Q

or, in matrix form,
(S+ M)¢ =F,
where S;; = (Vg;, Vo,) is the stiffness matrix, M;; = (i, ¢;) is the mass matrix, and F; = (f, ¢;)

is the load vector.
/IK
1 2

No

We first compute the mass and stiffness matrix for the reference triangle 7. The local basis
functions are

¢1(I1,I2):1—%—x—;, Véf’l(xl,xz):—% { 1 ],
Ga2(x1,22) = %, Voa(x1,22) = % { (1) } ,
d3(x1,22) = x—:, Vos(x1,22) = % { (1) } -

Hence, with |T| = fT dz = h?/2,
1 11—z h,2
min = (@1, 61) :/ o1 do = h2/ / (1— 21 — x9)° dayday = —,
T o Jo 12
2
1 = (Vo1,961) = [ Vol do = 7] =1,
T

Alternatively, we can use the midpoint rule, which is exact for polynomials of degree 2 (precision
3):

T & h2 1 1y A2
mll:(¢1,¢1)=/T¢%d9€=%Z%(%‘)QZF(O*‘Z‘Fz)Zﬁa
j=1

where Z; are the midpoints of the edges. Similarly we can compute the other elements and obtain

2 11 2 -1 -1
h? 1
1 1 2 -1 0 1



We can now assemble the global matrices M and S from the local ones m and s:

My = 8mgy = 18—2h2, S11 = 8s22 =4,
Mz =2myp = 11—2h2, S12 = 2512 = —1,
M3 =0, S13 = 2523 =0,
Mo = 4myy = 14—2h2, Sog = 4ds11 =4,
Mas =2myp = 11—2h2, Sz = 2512 = —1,
M3z = 2mas = 12—2#, S33 = 2820 = 1.

The remaining matrix elements are obtained by symmetry M;; = Mj;, S;; = Sj;. Hence,

p2 8 10 4 -1 0 (1,¢1) 8%-%:%
01 2 0 -1 1 (1, 3) 2.1.1_1

5. For the formulation of the Lax-Milgram theorem see the book, Chapter 21.
As for the given case: [ = (0,1), f € Lo(I), V = H'(I) and

a(v,w)z/j(uw—i—v’w') dz + v(0)w(0), L(v):‘/lfvdx,

it is trivial to show that a(-,) is bilinear and b(-) is linear. We have that

(6) a(v,v) = /Iv2 + (v)?dz 4 v(0)* > /I(v)2 dz + l/I(v')2 dz + %1}(0)2 + 1 /l(v')2 dz.

2 2
Further
v(:v):v(O)—i-/O V' (y)dy, Vrel
implies
v (z v(0)? zv' 2 - v(0)? 11/ 2
(@) < 2(07 + ([ Vi) <{C =8} <2007 +2 [ v o) a
so that

1 1t 1
~v(0)% + = / V() dy > —v*(z), Vrel.
2 2/, 4

Integrating over x we get
1! 1
(7) —v(0)% + 5/ v (y) dy > ~ /U2(:C) dx.
0 I
5 2 1 "2
a(v,v) > = [ vi(x)de + = [ (v')*(x)dx
4 Jr 2 Jr
1 1
S - 2 2 — 2
> 5( [ @ ans [@aan) = S0l

4



so that we can take k1 = 1/2. Further
la(v, w)| < ‘/vw dx‘ + ‘ /v’w’ dx‘ + [v(0)w(0)] < {C - S}
I I
< Jollallwllza iy + 10 Lo 1wl Loy + [0(0)|[w(0)]
< (Illzac + 10Nz ) (10llzany + 1l 2oy ) + 0(0) [0 (0)
1/2 1/2

<VA(Iol 0y + 1010 VR + 1)+ 100) )
< V2|[ol[v V2| [wlly + [0(0)[[w(0))-

Now we have that

(8) v(0) = —/ V'(y)dy +v(x), Vxel,

0

and by the Mean-value theorem for the integrals: 3¢ € I so that v(§) = fol v(y) dy. Choose z = ¢
in (8) then

vl =]~ [ @i [ i)

1 1
S/O Iv'lder/0 wldy <{C =S} < |IVl|Loer) + [0llzacry < 2M0llv,

implies that
[0(0)[[w(0)] < 4fv]|v[w]lv,
and consequently
|a(u, w)| < 2[[ollv[[w]lv + 4|[vl|v|[w]lv = 6]|v]|v||lwllv,

so that we can take ko = 6. Finally

2@ = | [ ode] < Ufllaco el < Ifllaco ol

taking x3 = |[f||L,(r) all the conditions in the Lax-Milgram theorem are fulfilled.
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