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No aids.

Each problem is worth 3 points.

Examiner: Christer Borell, telephone number 0705292322

1. (Black-Scholes model) Let 7" > 1 and K > 0 and consider a financial
derivative of European type with payoff
S(T)

Y= (S(T—l)

_ K)+

at time of maturity 7. Find Iy (¢) if 0 <¢ < T — 1.

Solution. Since

1
Y=— " (S(T)— KS(T —1))"

Sy (S(T) ~ KS(T =)
the Black-Scholes call price formula yields

InL o In L _ o

HY(T—l)zé(nK+(r+2))—Ke"’<1>(nK+(T 2)).
o o

Thusif r=T —tand 0 <t <T —1,

InL a? In L _a

Hy(w:e_rﬁ_n{q,(nﬂ(H2>)_K€_r¢(nK+<r 2>)}.
o o

Alternative solution. If s = S(¢) and G € N(0,1),

My (t) = e "B

(

o2
selr=5)(T=)+a(W(T)-W (1)) — K)*
WT—1—t)+o(W(T—-1)-W (t))
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ser =
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2. (Binomial model in 7" period with d < r < u) A financial derivative of
European type pays the amount

at time of maturity 7. Find IIy (0).

Solution. Using standard notation,

S(T-1)
Y=In—F+X
n S(0) + X
and, hence,
S(T—-1
Iy (T —1)=e€"In (S(O) ) + e " (quu + gad)
where
e’ — ed
u = —, o 1- qd-
ev—e
In a similar way, if T > 2,
S(T —2
Iy(T'—2)=¢"(e"In % + e (quu + gad)) + e (guu + qad)
T—2
=e¢ ¥In % + 27" (quu + qad)

and by iteration



3. A random variable X has the density

12,
) psinfaif |z |< 7,
fle) = { 0 otherwise.

Find the characteristic function of X.

Solution. We have that

™

cx(§) = E [¢*Y] = "~ sin® xdx
s

—T

™

1
= / (cos éx + isinéx)— sin® xdx
T

—T

1 [ 1 ["
= —/ cos {x sin® wdr = —/ (1 — cos2x) cosxdx
T ) . 2 J_,
1 [7 1 si
- ;/0 (1 — cos2x) cosxdr = %(smfﬂf —a)
where -
a= / cos 2x cos Exdr
0
1 ™
= 5/ (cos(2 4 &)x + cos(2 — &)x)dx
0
B l(sin(Z +)m  sin(2— §)7r)
20 24¢ 2 ¢
_ 2sin7é
=i
Thus

B 1(sin§ 2sin €

CX(&) T € 4_52

).

4. (Black-Scholes model) Suppose t < T and 7 = T — t. A simple financial
derivative of European type with the payoff function g € P has the price

o2
Hg(S(T))(t) — e R g<se(r—7)T+UﬁG)]



at time ¢, where s = S(t) is the stock price at time ¢ and G € N(0, 1).
(a) A European call has the strike price K and determination date 7.
Show that the call price at time ¢ equals s®(d;) — Ke ""®(dz), where

1 s o?
T+ =
=

et 1 —_
di= =l g+ + 5
al’lddgzdl—()'\/;.

(b) Show that the delta of the call in Part (a) equals ®(d;).

5. (Black-Scholes model) Suppose the value of one US dollar at time ¢ equals
&(t) Swedish crowns and that the price process (£(t))o<i<r is a geometric
Brownian motion with volatility o. Moreover, denote by 7 and r the US and
Swedish interest rates, respectively.

Consider the right but not the obligation to buy one US dollar at the
price K Swedish crowns at time 7. Derive the price in Swedish crowns of this
derivative at time ¢.



