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SOLUTIONS
OPTIONS AND MATHEMATICS
(CTH[mve095], GU[MMA700])

August 27, 2011, morning, v.
No aids.
Each problem is worth 3 points.
Examiner: Christer Borell, telephone number 0705292322

1. (Binomial model with T = 2; u > 0; d = �u; and 0 < r < u) A �nancial
derivative of European type pays the amount Y at time of maturity T; where

Y = S(1)� min
t2f1;2g

S(t):

Find �Y (0):

Solution. Set S(0) = s and

S(t+ 1) = S(t)eXt+1 ; t = 0; 1:

If v(t) = �Y (t),

v(2)jX1=u;X2=u = seu � seu = 0
v(2)jX1=u;X2=d = seu � s = s(eu � 1)
v(2)jX1=d;X2=u = se�u � se�u = 0
v(2)jX1=d;X2=d = se�u � se�2u = se�2u(eu � 1)

and de�ning

qu =
er � e�u
eu � e�u = 1� qd

we get

v(1)jX1=u = e�r(qu � 0 + qds(eu � 1)) = e�rqds(eu � 1)
v(1)jX1=d = e�r(qu � 0 + qdse�2u(eu � 1)) = e�rqdse�2u(eu � 1):

Thus
v(0) = e�r

�
que

�rqds(e
u � 1) + qde�rqdse�2u(eu � 1)

	
=
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e�2rsqd(e
u � 1)(qu + qde�2u):

2. (Binomial model with T periods and u > r > d) A �nancial derivative of
European type pays the amount Y =

p
S(T ) at time of maturity T: Find

�Y (0):

Solution. Set

qu =
er � ed
eu � ed and qd =

eu � er
eu � ed :

We have

�Y (0) = e
�rT

TX
k=0

�
T
k

�
qkuq

T�k
d

q
S(0)eku+(T�k)d =

e�rT
p
S(0)

TX
k=0

�
T
k

�
(que

u=2)k(qde
d=2)(T�d) =

e�rT
p
S(0)(que

u=2 + qde
d=2)T :

3. (Black-Scholes model) Suppose 0 < a < b and 0 � t < T: A �nancial
derivative of European type pays the amount Y at time of maturity T; where

Y =

�
S(T ) if S(T ) 2 ]a; b[ ;
0 if S(T ) =2 ]a; b[ :

Find �Y (t):

Solution. (a) Let H(x) =

H0(x) =

�
1 if x > 0;
0 if x � 0 and H1(x) =

�
1 if x � 0;
0 if x < 0:

Then
Y = S(T )(H0(S(T )� a)�H1(S(T )� b)):
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Moreover, if s = S(t) and � = T � t;

�S(T )H0(S(T )�a)(t) = e
�r�
Z 1

�1
se(r�

�2

2
)���

p
�xH0(se

(r��2

2
)���

p
�x � a)'(x)dx =

e�r�
Z 1

�
p
�
(ln s

a
+(r��2

2
)�)

�1
se(r�

�2

2
)���

p
�x'(x)dx = s

Z 1
�
p
�
(ln s

a
+(r��2

2
)�)

�1
e�

�2

2
���

p
�x�x2

2
dxp
2�
=

s

Z 1
�
p
�
(ln s

a
+(r��2

2
)�)

�1
e�

1
2
(�
p
�+x)2 dxp

2�
= s

Z 1
�
p
�
(ln s

a
+(r+�2

2
)�)

�1
e�

x2

2
dxp
2�
=

= s�(
1

�
p
�
(ln
s

a
+ (r +

�2

2
)�))

and, in a similar way,

�S(T )H1(S(T )�b)(t) = s�(
1

�
p
�
(ln
s

b
+ (r +

�2

2
)�)):

Thus
�Y (t) =

S(t)

�
�(

1

�
p
�
(ln
S(t)

a
+ (r +

�2

2
)�))� �( 1

�
p
�
(ln
S(t)

b
+ (r +

�2

2
)�))

�
:

4. (a) State the Chebychev inequality. (b) Suppose (Xk)
n
k=1 is an i.i.d. with

E [X2
1 ] <1. Use Part (a) to show that

P

�
j 1
n
(X1 + :::+Xn)� E [X1] j� "

�
� Var(X1)

"2n
if " > 0:

5. (Black-Scholes model) Suppose � = T � t > 0 and

d1 =
1

�
p
�
(ln

s

K
+ (r +

�2

2
)�):

Prove that
@c

@s
(t; s;K; T ) = �(d1):

(Hint: c(t; s;K; T ) = s�(d1)�Ke�r��(d2); where d2 = d1 � �
p
�)


