SOLUTIONS
OPTIONS AND MATHEMATICS
(CTH[mwve095], GU[M M A700))

January 17, 2009, morning (4 hours), v

No aids.

Examiner: Christer Borell, telephone number 0705292322
Each problem is worth 3 points.

1. (The one period binomial model, where d < 0 < r < u) Consider a put
with the payoff Y = (S(0) — S(1))* at the termination date 1. Find the
replicating strategy of the derivative at time 0.

Solution: Let S(0) = s and S(1) = se®, where X = w or d. If (hg,hp)
denotes the replicating strategy at time 0 we have

hsse" + hgB(0)e" =0

and
hgse® + hpB(0)e" = s(1 — ).

From this it follows that

hgs(e" —e?) = s(e? — 1)

and .
e’ —1
he =
s et — ed
Moreover, we get
1 s 1 —ed
hg = — hgse"™" =
b B(0) S B(0) ev — e
2. Suppose ¢(z) = %e‘é and ®(z) = [*__(t)dt, —co < z < oo. Prove
that
1—@($)§M, if x >0,
x



and

Solution. For any = > 0,

1—<I>(a:):/woog0(t)dt:/:o Liotyat

> 1]
< —to(t)dt =
< /z to(t)
This proves the first inequality. To prove the second inequality define
flx) = (1 +2*)(1 - &(x) — zp(x), if v € R,

It is obivous that f(z) > 0 if x < 0 and therefore it is enough to prove that
f(z) > 0 for every z > 0. To this end, first note that

lim (1 + 22)(1 — ®(z)) =0

T—00

x oz

1,2
since 0 <1 —®(x) < el@) _ \}%6_7 for every x > 0. Hence

lim f(z) =0

r—00

and it is enough to show that f'(x) < 0 if x > 0. Now for every x > 0,

fl(@) = 22(1 = () — (1 +2%)p(x) — p(2) + 2%p(x)

and we are done.
3. (Black-Scholes model) (a) Consider a derivative of European type with
the payoff
1~ o kT
Y=->» S(—
w2560

at time of maturity 7" Find IIy(0).



(b) Consider a derivative of European type with the payoff

(i)

at time of maturity 7. Find I1(0). (Hint: 12 4+ 2%+ ... + n? = w)

kT

Solution. (a) Consider a derivative paying the amount Y, = S(%-) at time

T. Then
1 n
11, (0) = - > 10y, (0).
k=1

kT) _ ef(Tfﬂ)rS( kT

Moreover, Ily, (% ) and, hence,

Thus
0) — .
Hy(O) _ ( ) e—(l—%)Tr

n— _ —Tr
S(O) Ze—iTr/n _ S(O) l—e

n 1—eTr/n’

— kT
ZW(7> =Vit..+V,
k=1

=Vi+..+Voo+2V, 1+ (V, = V,1)



= ‘/1 + ...+ anS + 3Vn72 + 2<anl - Vn72) + (Vn - anl)
= n(V1 — %) + ...+ Q(Vn,1 — ang) + (Vn — Vn,1>

and we get

n
— o2
E |ef Sia W(%T)} ~T[E [QWWIC—V;H) _ a2 410 L
k=1

o2 n(n+1)(2n+1) T
2 n

2 (n+1)(2n+1)
= e2n 6 o T 12n2

=e
Thus

2\ (n+1)T | 2 (n+1)(2n+1)
7%) o To T 12n2

—-n —n2
T,(0) = se "7+ = 5(0)el = T+ 2 7T

4. Let (X,)52; be an i.i.d. such that P[X; =1] = P[X; = —1] = 5 and set

1
V,=—(X1+..+X,), ne N,.

Vn

Prove that Y,, — G, where G € N(0,1).

5. (Black-Scholes model) Suppose 7 =T —t > 0 and

2

1 s o
d1 = O_—\/F(IHE + (T + ?)7)
Prove that
9 4.5, K, T) = B(dy)
aS 39y ) - 1)-

(Hint: c(t,s, K,T) = s®(dy) — Ke " ®(dy), where dy = d; — 0/7)



